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ABSTRACT
The data on the (p92p) reaction on Ip shell nuclei at incident proton
energies of 155-185 and 1+60 MeV and bn 2s-ld shell nuclei at incident
proton energies of 156 MeV have been analysed in the Distorted Wave Impulse
Approximation (DWIA) using the di-proton model representation for the three-
body final state. The experimental spectroscopic factors S _ obtained byexp
comparing the computed cross-section with the experimental one are compared 
with the theoretical spectroscopic factors predicted from the work of Cohen 
and Kurath in Ip shell nuclei and from. SU3 and the collective model 
coupling schemes in 2s^ld shell nuclei. It is found that provided the 
distortion of the incident and the outgoing protons is properly taken into 
account and the resolution of the experimental data is good, this reaction 
can be used to study the single hole states in nuclei. Also, it is found 
that the experimentally deduced spectroscopic factors are very sensitive to 
the description of the single particle wave-function of the bound proton. 
Finally from the calculations of the angular distributions for proton 
energies in the range of 160 MeV to 1 GeV, it is found that the detailed 
behaviour of the single-particle momentum distribution in nuclei can be 
investigated with much greater certainty at the higher energies than is 
possible at proton energies below 200 MeV.
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Introduction
One of the main objectives of the study of nuclear physics is the 
understanding of the ’’structure of nuclei5’ This expression is used to 
include all aspects of the motion of intra nuclear nucleons: their paths
in space;, their momenta, and correlation between them, the energies 
binding them to each other. Mathematically, the complete description of 
nuclear structure is contained in the correct total wave function of the 
nucleus provided the Hamiltonian of the nuclear system is known. But in 
order to get a clear understanding of the nuclear structure it would be 
necessary to look for some simplified description of nuclei in terms of 
some model which has a number of parameters sufficiently small to permit 
easy interpretation by the human mind. At the same time parameters must 
be sufficient to give a fairly complete picture of the most important 
features of a particular nucleus. The problem is an example of the search 
for a systematic description of the system. One of the simple and 
natural ways would, of course, be the analysis of the observations on the 
motion of individual nucleon in light of some individual particle model
/o)
of nucleus. At high energies (>100 MeV), as first pointed out by Serber, 
the collision time between the incident particle end a particle in the 
nucleus is short compared to the time between collisions of the particles 
in the nucleus. Therefores these collisions are essentially those of free 
particles. Also at high energies the mean free path of the particle 
traversing the nuclear matter is large (of the order of the radius of 
nucleus). Therefore, if the free cross-section of two particles is known 
as a function of energy, the momentum distribution of the target nucleons 
may be inferred from observations of the angular distribution of the 
scattered particles. Since the momentum distribution is essentially the 
wave function, this approach is a very direct wajr of studying the nucleus.
With this motivation experiments have "been done using electrons s mesons9 
(5)protons and other particles as probes.
In this thesis we confine ourselves only to (p92p) reaction.
Semiquantitatively3 this reaction can he described as shown in fig. (l).
The target nucleus is assumed to consist of a proton 1 attached to a core
nucleus C with each of thou moving with a momentum |q | in the direction
opposite to each other in the lab. system. We assume that the incident
proton 0 collides with the proton 1 and subsequently knocks it out without
directly affecting the core C. The core realizes this event only through
the momentum imbalance in the nucleus and therefore recoils with the
momentum Q. Therefore9 in this clean knock-out process it is obvious
that the measurements on the momentum of the recoil nucleus give a direct
measure of the momentum of proton 1 in the target nucleus. This
momentum distribution of 1 would also be reflected in the angular
correlation of the two outgoing protons. In the free scattering of
protons 0 and 1 nonrelativistically they move out at a definite angle of 
0(6)90 while in the present case they will emerge with an angular 
distribution characteristic of the momentum distribution of jn*cton 1 in 
the nucleus. Another single particle aspect of the nucleus is contained 
in the energy conservation of the reaction. Let Ej and E2 be the 
kinetic energies of the incident and the two .outgoing protons respectively.
and Eg are the kinetic energy of the residual nucleus and the 
separation energy of the knock-out proton respectively. Then from the 
energy balance
E » Ei + E2 + SL + E0 A  ^ H s
or Ex + E2 s E = (Eq - Ek ) - Es ...(1.1)
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If the recoil energy E^ is small in comparison to E^, then
E » E ~ E ... (1.2)o s
Since in equation (1.2) the separation energy E is quantised, the summeds
energy spectrum of proton 0 and 1 will have peaks corresponding to various
values of E ♦ But it should he pointed out that every peak in the summed 
s
energy spectrum does not necessarily correspond to a different single 
particle state j in the target nucleus. This is due to the fact that the 
independent particle model is not the realistic description of the nucleus. 
In the real nucleus there does exist a correlation amongst the nucleons, 
and therefore the strength of the single hole state created hy the knock- 
out of a proton will in general he distributed over the ground state and 
several excited states of the residual nucleus. Also because of this the 
area under the various peaks corresponding to the same single particle 
binding energy will be proportional to the parentage of the various states 
of the residual nucleus in the ground state of the target nucleus.
Although this simple picture of the reaction contains the essential 
physics of the quasi-free process, it is a very idealized picture. In 
practice the incident and outgoing protons do suffer interactions with the 
nucleons in the residual nucleus and therefore the simple picture is 
spoiled. But due to the large number of degrees of freedom available in 
the final state resulting from multiple collisions, this effect on the 
summed energy spectrum is expected to introduce a rather smooth back ground. 
Superimposed on it one maystill expect to see the peaks caused by cleau 
knock-out collisions. But the distortion effect on the angular 
correlations of the two outgoing protons will be such that it may no 
longer be possible to infer the single particle momentum distribution 
directly from it. Alternatively, we can check an assumed single particle 
wave-function against the angular correlation by properly accounting for the
distortion of the incoming and outgoing protons. In the work of this
thesis we have adopted the following procedure: the cross-section for the
transition from the ground state of the target nucleus to a particular
state Of the residual nucleus is calculated by describing the scattering
wave-functions of the incident and outgoing protons as the solution in a
complex potential, and single-particle wave-functions for the bound proton
as the solution in a real Saxon-Woods well* The parameters of the complex
potential are taken from the analysis of the elastic scattering of protons
on the appropriate nucleus at the appropriate energy. The parameters of
the binding potential are fixed by the analysis of the elastic electron
scattering on the target nucleus. The experimental spectroscopic factor
determined by fitting the calculated cross-section with the experimental
one is compared with those predicted by the suitable nuclear models. The
(p,2p) reaction has not previously been analysed in terms of spectroscopic
(T)factors, although the "effective occupation numbers” of Berggren are
very closely related to the spectroscopic factors. The analysis of the
. (8) (0) 
summed energy spectra by Dietrich and by Balashov et al." ' are also
essentially spectroscopic investigations.
The present thesis is devided into eight chapters. In chapter 2 we 
give the derivation of the rel&tivistic and non-relativistic formulae for 
cross-section in Distorted Wave Impulse Approximation (DWIA). To resolve 
the complexity of the problem due to the three body nature of the final 
state two formalisms are given, one by approximating the potential energy 
(the di-proton model) and another by approximating the kinetic energy of 
the system.. In chapter 3 we have outlined the procedure for the 
calculation. Also, in this chapter, results due to the above mentioned 
two approaches for the final state are compared, and the uncertainties due 
to the other approximations are estimated. In chapter b we calculate 
the theoretical spectroscopic factors in various nuclear models. In
chapter 5 the data on lp shell nuclei and in chapter 6 those on 2s-ld 
shell nuclei are analysed. In chapter 7 we have surveyed the (p,2p) 
reaction theoretically in the energy region l6o MeV to 1 GeV. And 
finally in chapter 8 we have briefly suiomarized the results and 
conclusions•
CHAPTER 2. Formalism of (p.2p) Reaction in DWIA
2.1 Formal derivation of the reaction amplitude
As shown in fig. (l) in the (p,2p) reaction we consider a target 
nucleus of A nucleons to consist of a proton 1 bound to a core of (A~i) 
nucleonso A proton 0 impinges on it,, ejecting the proton 1 and leaving 
the residual nucleus in its ground or any of the excited states. The 
Hamiltonian for such a scattering system can be written as
E = 5? +Ti + i_ + V _  + V _  + V +H_ ... (2.1)o 1 C oC 1C ol C
where T is the kinetic energy operator for the particle x and the x
interaction V n is defined byXL#
T*c 1 • •••■ (2-2)
sum of the two 'body interactions between the particle x and the core 
nucleon j. For the sake of brevity symbol jr is used to represent all 
single particle variables: positions spin and iso-spin. V is the
interaction potential between the particle 0 and 1 and is the
internal Hamiltonian of the core nucleons. Obviously the various terms 
in H may be grouped in different ways depending upon the channel of 
interest. For example in the incident channel i
H = H. = E + V ... (2.3)
3. 0 01
where
Ho = Hc + To + Tl + T c + VoC + V1C ■ ... (p A)
And if represents the internal Hamiltonian of the target nucleus, in the 
centre-of-mass system of (A+l) nucleons we can write
where the relative kinetic energy operator T . for the proton 0 and the 
centre-of-mass of the target nucleus is defined as
T , 5 - ~  V2. ... (2.6)0.4 ZvoA oA
with as the reduced mas of particle 0 and the target nucleus. The
eigenstates of E are defined by A
Ha \  (Jb a )  = *a . ?n (I. rj) ••• (2.7)
i i “ i
Here j[ represents the complete set of nucleon variables for the core
nucleons and ri those of particle 1. Subscript n. represents a set of
quantum numbers needed to define the nuclear state uniquely. The eigen
function ¥ is completely antisymmetric amongst the particles it 
i
represents. How we assume that the interaction of proton 0 with the core
nucleons i.e. V ~ is such thatoC
1. the elastic channel makes the largest part of the
(+)scattering wave function ifn ,
2. and there is no strong resonance at the incident 
energy.
In that case we may replace the potential V ^ by an averaged smooth 
energy dependent ?pseudopotential" VQ (^_r^ )^ which describes the 
elastic scattering of proton 0 with the core C. This potential is called 
the optical model potential and is complex in nature. Then the 
SchrOdinger equation for H may be written as
j&2 2 “
?*-- v A + v a) + H.(?s ri) - E. 2y , ok oC oA A — ' •-* i oA xi+ -^roA’ -rd  = 0... (2.8)
where superscripts (±) denotes the asymptotic behaviour of the 
scattering solution e.g. (+) in (2.8) represents the incoming waves in the
entrance channel. Since the equation (2.8) is uncoupled in the variables
r A and the rest, we can write-oA 3
xi+) (^ oA’ ^  = 4 +) (^ oA» Zvtj ~ l) •”  (2>9)1
(+)where is defined by equation (2.7) and function x ^ q A 9 
i ^
solution of
h2 „2V2. + U n(r .) ~ E A 2y A oA oC oA oA oA
= ° - ( 2.10)
where E .(- E. - E ) is the kinetic energy of the incident proton in oA l n^
centre-of-mass system. is the momentum conjugate to r^. The
Schrbdinger equation for the total Hamiltonian iL can be written
(Ho - E.)*<+) = - Vol^ +) (2.11)
Alternatively, we can also write the scattering solution in the
integral form^^
4>* + ) - BX£+) ••• (2.12)
where the M011er-matrix Q is defined by
n ° 1 * 1 7 - 1 -T i e  Volfi \ —  <2*«>
1 O
. ( + ) . .  . ^As defined is antisymmetric only amongst the target nucleons
1S2S...3A 3 therefore as a proper scattering wave function it still needs 
antisymmetrisation between the incident nucleon 0 and the target nucleons.
Similar to entrance channel, for the outgoing channel f we approximate
the interaction V n and V by the optical model potentials U _ and U
OU 1L/ OU 1C-
which describe the elastic scattering of protons 0 and 1 by the residual 
nucleus. Subsequently the Hamiltonian H may be written
where
H « H_ + Tn + T + T, + U n + U „ o C C o 1 oC 1C ... (2.1 )^
is the internal Hamiltonian for the residual nucleus whose eigen states 
satisfy the equation
H_¥ (5) = e v (5)
f ~ nf nf -
... (2.15)
where E are the eigen values of Hp. The wave function ¥ (jjj is 
nf t nf
completely antisymmetric amongst the (A-l) nucleons it represents.
Analogous to n^ for the target nucleus states n^ denotes the set of quantum 
numbers needed to define the state of residual nucleus uniquely. The eigen 
states of E for the outgoing channel is written
h2 h2 „2 ft2 r?2 / \ t \ t \
2m_ o ” 2mx 1 * U0C ^o4 + UXC^ -~19 + Hc^ -~
V2 _ V __ i
2M0 C  C o
E, x(-} 0
... (2 .16)
Again, because the co-ordinates £ and the rest are not coupled in (2.16) we 
can write
r ri 9 r„) = x (k 9 r )¥ (£)-o' —■1 9 -C A —x3 ~x n ... (2.17)
where k and r stand collectively for the momenta and co-ordinates ofX X
0, 1 and C respectively. The wave function x^  ^satisfies
r h2 
~2M,
V2 - V2 h 2
urn o 2mi 1  * UoC^O' -~0^ * U1C*--1’ -r-C} ~EX v - >
(2.18)
0
where
Since we have assumed that the potentials U _ and U,_ describe the elasticoC 1C
(12)scattering;, using ' G^ell-Mann* Goldberger relation37, the T- matrix for 
the transition from the initial channel :?i;* to final channel ”f:? is
h i  = < V  - V  £1* ^oA)>
... (2.19)
The eigen states appearing in (2.19) must he completely antisymmetric.
But as we have seen earlier xi  ^ and are only antisymmetric amongstX 1
the nucleons in the residual nucleus and the target nucleus respectively.
To perform the remaining antisymmeterisation we consider the target nucleus 
to comprise of U identical nucleons plus an inert core and the residual 
nucleus of (N-l) identical nucleons and an inert core. By defination the
inert core does not contribute to the reactions hence it may be dropped
(13)out. Bow we define two antisymmetrizing operators
i
A * ( M X *  A o o
and
Aj - if* Ai
where ... (2.20)
N
A » I - F Pr\
and
N
h  “ 1 - I pb,
Eere P is the operator which exchanges nucleons x and y s and I is the 
xy
identity permutation. Therefore the T-matrix with the properly 
antisymmeterized wave-function is
Tfi ~ (ivT+l) < ^ o ^ l ^  Voi|A0 i^',^> ••• (2.21)
Using that A ~ A» can rewrite
Therefore
Tfi = E* <x^-) |Voljh + )> ... (2.2 )^
(+) . . . .where i'. denotes the completely antisymmetric scattering wave function mi  x *
the incident channel. Bow we assume that a) the contribution of the terms 
arising from the exchange of particle 0 with the core nucleons is negligible, 
and (2) the average potential and kinetic energy of the nucleon 1 in the 
target nucleus is very small in comparison to the kinetic energy of the 
incident particle (impulse Approximation) ^. We also assume that U ^ is 
very small in comparison to the energy of the incident proton. Therefore
we can neglect the potential V ^ and in the Green’s function appearing
. . (is)
m  the M011er-matnx ft. Then following Takeda and Watson " we write
T_. = if < x ^ ( k  , r ) Y (5)|t(r , r ) x ^ ( k  r )fi A x -x' n^ —  | -l' Ap ^oA'
A  (i> £ x)> ... (2.25)
i
where t(rQ, jr ) is the properly synmeterised two-body scattering matrix.
All the approximations involved in arriving at this version of transition 
matrix are called the Distorted Wave Impulse Approximation (DWIA).
As there are three particles 0, 1 and C in the final channel, 
kinematically the system has got comparatively more degrees of freedom than 
the two particle system. We choose the kinematics such that
(1) the three particles lie in the same plane (eoplanar),
(2) the particles 0 and 1 are detected moving symmetrically with 
respect to the direction of the incident particle, and
(3) the kinetic energies of the particles 0 and 1 are the same.
For such a co-planar$ symmetric experiment the cross-section in 
non-relativistic limit is given b y ^ ^
d3o _ 2 7T q V l  _ lo ,
--------  » —  „ Tif- <2 ’ 26)cLE-dft dft, ~ m v Sif& U.4S. if C Uo 1 n b x0
where hp^, hc^ and hc^  are the momenta of incident proton and the two
outgoing protons in the laboratory system respectively, m is the mass of
the proton. represents the appropriate sum and average over the
initial and final states. E is the kinetic energy of each of the outgoing
protons in the laboratory system. Transition matrix T  ^in DWIA is given
by the equation (2.25)* Owing to the three-body nature of the final state,
it is quite complicated to solve the equation (2,18) exactly. Therefore,
in order to get physically useful results with a reasonable amount of
computational time it is desirable to be satisfied with some approximate
solution. There are two obvious ways of approximating the Hamiltonian
(H - EL); one by approximating the potential energy terms and the other O
by approximating the kinetic energy terms. The formalism with the former 
approximation has been developed by Jackson under the name ”di-proton model” 
For the partial wave treatment of this model we closely follow her Work.
/ -I o \
Calculations with the other aporoximation have been reported by McCarthy,
(19)
Berggren and others.
2.2 Di-Proton Model
In addition to the already defined momenta hp , hq.Q and hq19 denote 
the momentum of the residual nucleus in the lab system by hQ. ' The 
corresponding momenta in the centre-of-mass system are
k .  = Ap /(A + 1)—0-tL O
So c So - V (A + X)
« Q. - (A - l)n /(A + 1)— --o
. . .  (2 .2 7 )
How we regard, in the final state, the two outgoing protons as a 5fdi-protonn
•with its centre-of-mass at B, internal co-ordinate r , and co-ordinate r ^
“O1 —DC
relative to the core (see fig. 2). The Hamiltonian II0 for the final state
then becomes
H as T„„ + U „(r,,„ + I r ) + U J  r ) + T ' + V +f BC oC -BC 2 ^ol 1C •—BC 2 -^ol' ol ol C
... (2.28)The relative kinetic energy operator T is of the formPCp
T = ,2
«e 2p«b “3
where is the appropriate reduced mass. The momenta and 
respectively can be written in terms of momenta defined in (2.27) as
k = ‘■j’ik — k ) ... (2.29)—ol *- —o —1
_ a k + k .... (2.30)
—BC —O —1
As we started in the previous section the three body nature of the problem
is now evident in (2.28) that we cannot immediately factorize the 
dependence on r , and rvn of H . However, since we are dealing with a
*‘*■*0 ^ ~Jjv/ X
a.
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coplanar symmetric event .in the exit channel U ^ and have the same form 
and magnitude. Then making the Taylor series expansion of the potentials 
around rT,« we get~jbO
Uo C B C  + + U1C ^ 1G ” §^ ol} “ US^~BC^ + ^coup^ol* ~EC^
... (2.31)
where
Ueoup(2ol> -BC} = 2J ^ ~ ( ln )v '>' (foC^BC + + UlC
r , - 0o l
and , —  (2*32)
W  * UoC(^ C > + " 2 UpC(-BC) — (2.33)
.U ^ is the interaction potential of either of the two outgoing protons with
core. The coupling term (2.32) would, be very convergent and small if r , is
—ol
less than unity. Therefore if the major contribution to the matrix element
occurs for small values of r _, and hence if the assumption of a short range.~oi9 - 9
two nucleon interaction is valid, we can neglect the U in (2.31). In* coup
that case the potential term would not depend upon r ,. and so the wave
- — ol *
function of the Mdi-proton,f is distorted by a potential which is a function 
of r ^  onlv and whose .magnitude is twice the appropriate proton optical 
potential. These optical potentials are local and hence energy dependent. 
Therefore to make the defination of UT] complete, we write
UB(r, Ebc) = 2 Up(r, 12^) ... <2.3U)
where E „ and E^„ are the energies of each of the protons and their centre-
1C BC °
of-mass system. Therefore under the di-proton representation equation
(2.18) is split into two uncoupled equations
where E j is the kinetic energy of the relative motion of protons 0 and 1. 
Hence the scattering wave function in the final state, excluding centre-of- 
mass motion, is
X (£» -^ o? —-19 ^  ” XB e *
... (2.36)
Subsequently the matrix element (2.25) becomes
Tfi = <XB ^--BC’ £EC)e Xy
>
where
... (2.37)
V - i c *  = < h  (i)h n.h= £1C) > ••• (2.38)
f i
and is known as the '5operlap integral".
How in order to simplify further we write the wave function
(±)X as
X (±)(k, r) » D(±^(r) e1 — ' ...(2.39)
where (r) can be determined by substituting (2.39) in the SchrtSdinger
. (+) . . . .
equation for x * Under the high energy approximation, i.e.
a) When the energy of the scattering particles greatly exceeds 
the magnitude of the scattering potential, and
(2) is also large enough that the particle wavelength is much 
smaller than the potential width,
X^ ""^ (r) is a smoothly varying function with r.
Substituting (2.39) in (2.37) ana doing the co-ordinate rearrangement 
according to fig. 2 we get
( \ i lLDn.(r,rt + \ r _) i k , .r ,
h i  =  <J)i\c +  *  ^ o l ) e  e  lt ( S o l >
i k A.(a r,„ + r ,)
Dp ~1C + “Ol ~° V ^ l C ):> ’*•
where a **. (1 - |). As, for the simplification of the three-body final 
state, we have assumed that the two nucleon interaction is of sufficiently 
short range, the effective contribution to (2.10) comes from small values 
of r_^ only. We further assume that the experimental conditions are such 
that and -D do not change appreciably over such small range of r ^  •
Then we may write
■ i & . *r  ^ i(k , - 2 k.^).r ,
T . = <e -01 “0V " ,(]r ' . r )lt(r )l- ""° ~ ° lfi XB ^ C *  — 1C 1
4 +)(£oA» ^ i C )V - l C )> <2*Ul)
( ^  )where we have used (2.39) to replace D ~ . low we expand $ (Tjq) in the
(21)
states of definite angular momentum end also from now onward we write 
spin and iso-spin functions explicitely. Then
w  =s jJ M< V * V ‘lJiMi)(V v ) Tivi)'ti-f(l3)**3(i1c* a i K ,
... (2 .^ 2)
where (a b * 3 |c y) are the Clebsch-Gordon coefficients.
J., and T., T are the spins and iso-spins of the target and residual 
l * f l9 f * >.
nuclei respectively. The parentage coefficientv (&j ) ^ in the above
expansion measures probability of picking out a nucleon with angular 
momentum £, j from a target nucleus state with quantum number and 
leaving the residual nucleus in state « is the iso-spin wavefunction
for the knocked out proton. The function written as
a.
^'jhic* 0l) " l t U s i m 0ll j M) +ntjtlC)+Bl (2.1>3)
where and c^are the spin and its projection quantum numbers for proton
1, and m are the orbital angular momentum and its projection quantum
number • n is the radial quantum number, and we have assumed that for a
given j only one value of n is possible. <j> . and <$>ai are the space and
n& j s 1
spin wave functions. Substituting (2.42) in (2.4l) and integrating over 
the iso-spin variables we get
m ^
fi = £IM t vf vlT.VjXJ^ MjJSlIj . M.K* Sj mtJj | j M)
where, with proper normalization
g®. = (afr3/2 <xl“)(kR “ (rin)xi,+ )(k ar )>
and
£j ' AB —BC* —1C 1 n£j *-lC p '^oA* - 1C
... (2.45)
i k ,r , or 1 o' i(k A " § k ),r a a,—oi—ol o , li./ \i —oA ^EC —ol, o, 1
p p  “  < e  h  h  4-1 4>g >
. . .  (2.U6)
Now for convenience we couple the spins of the protons in the initial and 
final states, and also we express the linear momentum in terms of the 
momentum defined in lab. system. Then
T ~ I < o' * s * J t ( +  sQ9 2 ^  “ > ... (2.47)
ss!
crcr?
where |as> * (g | a a. |so) <j>a(0,l) .., (2.48)0 * s
and similarly <a*s*j is defined. Momenta (§ + \ Q) and (5 - 2 o^)
are the momenta of two protons in their centre-of-mass before and after 
the scattering. Now for the symmetric coplanar reaction we have
+ B) • 5 ^  - 2.j) = 0,
.o .i.e. we have scattering at 90 in the centre-of-mass system of the two
(23)
protons and therefore only s = s* - 0 terms contribute to T
PI?
The matrix element therefore becomes
I  t v v|T. iraciiljM)T . ~fi AjM
mo i
m
!*a
< 0 I t (90°) I 0> g.. ... (2.U9)
Now carrying out the required summation given in (2.26) and relating T
. (2b)to the free proton^-proton cross-section we get
PP
bm V l
dSdQ da 
o 1 &  po
P + Q
Q - an ~*Q -*1
(:s_ , 90°) I B^.(e)
... (2.50)
where (Eq 3 90 ), the free p-p cross-section in their centre-of-mass
L pp
system, is related to It 12 throush
pp
hr |2•DID '
OA1!
nr
T- + Q
^o ~ do
r' 9M \Li—o —1 dfldEo
(Eo , 90°) ... (2.51)
T is defined as
W p C t ,, t V v|t. v.)|g™.(e)|
. . .  (9 .5 2 )
where S()jj) is the spectroscopic factor9 and is defined as
( « ) | *s«.« 
i f
cc. oc 
1
... (2.53)
The relative kinetic energy of two protons in matrix element T before and 
after the scattering are not the seme. In lab. system this energy before 
the collision is
» x 2
E = Q + Q o 2m ~“o —
...
and after the collision is
o
Therefore in this sub-system of proton 0 and 1 energy is not conserved,
hence the matrix element T is an off-energv-shell T-matrix. In the
PP
actual case of free proton-proton scattering relative kinetic energies 
"before and after the collision are the same and therefore the corresponding 
T-matrix is on-energy-shell* Therefore, in general, there is no real p-p 
scattering process -which corresponds exactly to the matrix element T .- pp
The relation (2.51) is, therefore, a "bit ambiguous. However, at energies 
which are large in comaprison to binding energy of the knocked out proton 
this off-energy-shell effect should be small.
Calculation of gm.
2.2.1 Partial Wave Analysis
In this treatment we expand the distorted waves in (2.^5) in terms of 
(°6)spherical harmonics taking the Z-axis parallel to k and hence to
oA
i° (e», <!>')
Also we write
In the expansion (2.55) £].» £2 are orbital angular momenta, (8*, <f>f) are
the polar angles of (r^). The function (kr) is the radial i)art of
( i )the distorted waves x (k* 3?) and is the solution of the equation
dr2 £ 2
... (2.57)
where U is the complex optical potential describing the elastic scattering 
between the pair of particles y, being their reduced mass. U^ , is the 
Coulomb potential. At large radii, where U(r) is negligible, f (kr) has
the form(27)
ia
£  r- 2i<5
kr J +^(kr) = u'„+^(kr) ~ ~ —  (P. + i G.) + e *(F„ - i 6»)
... (2.58)
where a ^ is the Coulomb phase shift, and F^, are the regular and 
irregular Coulomb functions respectively. is the phase shift
introduced by the nuclear potential U(r) and is complex in nature. 
Asymptotic ally
sin (x + Oy) , cos (x + a^)
' *  (+ ) 1 
***■ * s r
where
’ix _ e2i(h + ^  e
£ip
x = (kr - p log (2kr) + tt")
Substituting (2.55) and (2.56) in (2.^ 5) have
3x, £ . £ a
Z m . +(2ir) gra = kv I i 1 ~ 2f(2£ + l)(2£ + l)J 
*1*2 2
1'oAriC)f^  in£j^riC^  riC driC
2 -p
1C
Yj”(e', ♦•)!* (e*. *•) 7l(0’» *’) aa’ ••• (£?-6o)
j  2
fpp \
where we have used the reciprocity theorem to derive the relation 
between the radial functions
4"2)W(kBC rlC) f£2 ^ kBC riC^
In (2.60) the integration over the polar angles (©*, <f>*) can be carried 
(29)out explicitely
|y°*(0', 4-') 7^(6*. 4>’)Y^(e', 41) d£2' =
'(2*! + X) (2£ + l)
IfirCsi, + XT
Hence
and
(Zj I 0 0 \Z2 o)2 <5.
m ,0 
... (2.61)
m^O
gn*j
o
"n£i
* 0
V 1 1 - 1
(2tt) ^  i 1 ~ 2 |V(?£ + l)j2(2£j + l)(£1£00|£20)2
u(^i, &2, )
where U(£l9 £2, n£j) is the radial integral
... (2.62)
U (£ j, £2, 5i £j ) f4 a koAri T f)t k^BCrlC^Hn«hric5 riCdriC 
2
... (2.63)ic
Thus there are non-zero matrix elements for m = 0 only, as in the plane wave 
case, whereas in the usual distorted wave treatment there are contributions 
when m is even^0^. It can be seen from the formula (2.63) that we have 
only simple summation of radial integrals to perform, in contrast to the 
complicated spherical tensors appearing in the previous formalism of Jackson 
and Berggrenl^ Also, as we have seen in the formalism the di-proton 
model has another advantage that it fully utilizes the analogy between
(p,d) and (p,2p) reactions and the symmetry of the final state in the
latter ca.se. The scattering angle appears only in the expression for
the magnitude of k^. The disadvantage is that for each value of it
is necessary to repeat the integration of the radial SchrSdinger equation
(2.57) to determine the function f (k__r _) and the radial integrals.%2 ht I t
2.2*2 High Energy Approximation Analysis
As the energy of the scattering particles becomes sufficiently high 
(>300 MeV) the number of partial -waves in (2.62) becomes quite large.
energies it seems better to treat the distorted waves in the seni-classical 
approximation. Also, as the projectile energy becomes higher relativistic 
effects becomes important, and to take them into account, in the framework 
of non-relativistic T-matrix, we would use the relativistic kinematics.
The expression (2.50) for cross-section in the relativistic kinematic
. . (io)
limit becomes "
where k is the wave number of the projectile, a is the range of the 
interaction V and E is the kinetic energy of the projectile. We write 
the distorted waves appearing in (2.^5) as a product of a plane wave ana 
a modulating function, i.e.
• El •Consequently the computation of g becomes very time consuming while on 
the other hand the trajectories of the scattering particles becomes 
nearer to the classical limit. Therefore for computing gm at high
dEd
where
The semi-class'!cal approximation appears in many forms and under many
(31)titles. We follow the treatment of Glauber. His treatment
characteristically requires
ka »  1
and
V/B «  1
where <f>0r) is the smoothly varying function with and. is defined by
*(±)(r) = e~i(E/K2C2k)
0 U(r + k s)ds ... (2.66)
where k is an unit vector along the direction of k and E is the total 
energy (kinetic + rest mass energy) of the projectile. U is the nuclear
plus Coulomb interaction. Hence the product of two distorted waves given
* min the integral g can be written
„(-)* 4 *) . . t e c  ,(-)(£ic) 4 .),. iio, ... (2.W )
Subsequently
i iQ.r
(Sir) 2 g“ . (e) = [ (21 + l)]s «m o e ~ ~ lc (cos 8')
* B h lc)^ p (a £ 1c)V j (ric)ricd'rxca(cos 6,)
... (2.68)
where P (cos 0’) is the Legendre polynomial of order I • 9* is the angle
&
between Q and r n * As we have seen in the partial wave analysis non-zero““1 w
contribution comes only from the term with m ~ 0.
2.3 Kinetic Energy Approximation
As mentioned in section (2.1) three-body equation (2.18) may 
alternatively be simplified by approximating the kinetic energy term in 
the Hamiltonian HQ. For this porcedure we consider the co-ordinates
r ^  and r ^ (ref. fig. 2), which yields(18)
Ho * ToC + TlC “ (A-l)m v0e * vlCV— V^  + UoC + Ul C + H C ... (2.69)
Hie scattering solution for the final state is then the solution of the 
following SchrOdinger equation
•fi2 72
oC
^2 2 
11C
h 4
2\i „ *oC 2y,« V1C (A-l)m VoC*VlC + U-" + U '~ ~ E-oC 1C
*{-)<£oC. Jlic5 = 0 ... (2.TO)
If A is fairly large, the coupling term V ^ . V ^  siay be treated as a
perturbation. In the first order the equation (2.TO) separates into 
two one-body equations which may be thought of as optical model equations.
*>2 2
V . + U J r  „) - E» 
2y c y° YO — yC
X ( - ) (r J  « 0y —yC ... (2.T1)
where subscript y stands for either of the two outgoing protons. The
(32) . 1effective energy E* “ is, putting * - ,
Thus describing the wave-functions of the outgoing protons as the solution
/ «j Q \
of equation (2*71) him and McCarthy have calculated the angular 
correlation in DWBA using the partial wave expansion for the distorted
waves. Essentially the same calculation has been done by Jackson and
'i
(19)
Berggren in DWIA^^. Berggren, Jacob and others have used this approach
in DWIA, but have treated the distorted waves in ¥.K.B. approximation.
Our aim in Chapter 3 is just to compare the results of this approach with 
that of the di-proton model and instead of doing the lengthy calculation 
of partial wave analysis we use the high energy approximation of Olanber 
for treating the distorted waves, following the same procedure as for the 
di-proton model the differential cross-section is then given by (2.52) with 
3,
(2„)0/2 m iC.(-), \A-)r \ A + )i I \
gfi(6) = j e (£,„)♦, ( r ^ ) ^  a^—iC nJlj — iC
drlC ... (2.T3)
where is defined by (2.66). As we have shown in appendix (1), for a
* • IK #
co-planar symmetric experiment matrix element is non-zero only for 
m * even (m - 0 for =1)* Therefore rewriting equation (2.73) for % * 1
(a*)3* gm=0 (e) _ p 2i + 1 ) A ,J
e En ^ rl<PP^ 6'^o ^-ltP
<j>^+^(ar p)dr « ... (2.7*0Tp —1C —1C
As we see from the defination (2.66) of the modulating function, <j> and ^  
involve the integrations along k and k., consequently they implicitelyvJ w — O — i
depend upon the azimuthal angle of Hence in (2.7*0 we cannot do the
integration over the azimuthal angle of r ^  analytically as we could do in 
di-proton model. Therefore in contrast to (2.68) computation of integral 
(2.7*+) is much lengthier.
CHAPTER 3
In chapter 2 we derived the expression for the cross-section in 
various approximations. In this chapter we outline the procedure for 
computing that expression and demonstrate the uncertainties due to 
various approximations and ambiguities. As we see from (2.50) and 
similar expressions for the cross-section in chapter 2S the computation 
of the differential cross-section essentially involves the computation of 
the integral g?.# The value of this integral depends sensitively upon
X.J
the choice of the ’’overlap integral’V defined by (2.^2) and the 
description of the distorted waves. We, therefore, first discuss the 
criterion and the procedure of computation of the overlap integral.
3.1 Overlap Integral
(32)For the account of this section we follow the work of Berggren,
(2l) (33)Pinkston and Satchler, and Elton and Swift; The intrinsic Hamiltonian
for the target nucleus can be written as
HA * HC + T1C + VIC ...(3.x)
where T ^  is the kinetic energy operator for nucleon 1 with respect to the 
centre-of-mass of the (A-l) nucleon system. How we substitute (3.1) for
H. in (2.7) and multiply on the left by <V (£) | and use (2.15) to obtain
a , nf
pn. - y - TiS|+P(£ic> = V-'V5’ viyi’
... (3.2)
It is shown by Feshbach^3^  Lipperheide[33^, and others that the kernels 
in the potential terms in (3.2) are proportional to the two-body potentials 
v. multiplied by various density and correlation functions characterizing 
the state of the residual (A-l) particle system. These functions should
approach zero at least exponentially outside the mean radius of the 
system. The two body potentials are also of finite range. Therefore 
the potential term <f|v^ ,^Ji> should be at most of the order of'magnitude 
of a decreasing exponential times the overlap integral itself. Then the 
asymptotic behaviour of $ (r n) may be established by neglecting thep - -10
potential term. Thus , with
1
*fi “ * 2y n E - E PlC' n. n ‘ 
- 1 l f
"ti
... (3.3)
where |E - E (is the separation energy of a nucleon from the A particle 
ni f
system in state ¥ leaving the (A-l) particle system in state 7 , we
i f
must have
“*firiC
W  “  ric " ’ rlC + ” ... (3.l»)
The beauty of this conclusion is that it is quite independent of any 
nuclear model. This definite asymptotic behaviour of the overlap integral 
becomes very important if we recall that in many direct reactions 
<(p ,d), (p,2p) etc.) the tail of the overlap integral plays an important 
role both for the absolute magnitude and for the angular dependence of the 
cross-section. But still in (3.*0 we need the proportionality constant. 
This is determined by the form of i|; (r ~) inside the mean radius of thep —"l L>
nucleus. Also, the cross-section, though not as strongly as on the tail
of ip (i* ), does depend uoon ib (r,n) inside the nucleus. Therefore we 
p —1C ~ * p — 1C
have to set up a procedure for solving the equation (3.2).
For developing the procedure to solve equation (3.2) let us work in
°= J-T 1 • * f f / \the representation of angular momentum. Fe define a function v£n)
c, l “*“1 V ...
by
W  - U ' W l ¥ i S
jM
. M
where, temporarily, we have dropped the iso-spm terms. Unlike ili^. of
Y f(r,J ... (3.5)
" F f  . “fJfequation (2*k2) $.f, is not normalised. Wc write as the product
of a radial part and, an orbhonormal spinor spherical harmonic
... (3.6)
where x represents the spin and angle parts or r n. As in section 2.1— i o
we consider the target nucleus to consist of N identical nucleons and a 
closed inert core. Also we consider the knock-out of an extra-core 
nucleon only. Then we can make the expansion
Vj.M.(i( riC) = I »«,,.„.<£)♦ 1M(r ) ...(3.7)
j M
f f f
where the j-summation is over the extra-core nucleons only. This expansion 
provides antisymmeterization of Nth nucleon with the other (N - l) nucleons.
J)
The antisymmeteri2er-i4 provides explicit exchange of active and core 
particles. Now weedefine a Hartree-Fock interactionT^^r^) of the core 
particles with the active particles, viz.
cc J
"1/" C . f  t , \
J *jM (-lC} d£C ¥ U ° )  V (£C, r,„)[l - S P,n1 ? (CC)—  core lC L . klw core -k
Ff,
**" (3.8)
The operator exchanges the particle N with all the core particles.
Using relation (3.6), equation (3.2) then becomes
,e(«.J., <VJJ - T L* 1 1* f f
u<:.1
cc J
Y  fYc> I W^!(rlC) R-TJY 1C)lb 3 1C
-pu
... (3.9)
with
d£°(M* (l°)YfM(5c)V(C°, rlC)[l - £ PkH]
core
core '*3* ,*)M j iC
... (3.10)
J . M .1 1
J.M.1 l
and
e(«.J.3 « J ) a e _ - E T
1 1  f t  «.J. « J_1 1  f f
• •• (3«11)
... (3.12)
where £ refers to the co-ordinates of the extra-core nucleons, and the curly
brackets in (3.11) denote the angular momentum coupling. As remarked
earlier9 the summation in (3.9) extends over extra-core nucleons only.
Hence9 though in (3.9) we have a set of coupled equations, their number is
very limited. How if we assume the target nucleus to have predominantly 
H3 configuration which means we assume that the interaction amongst extra­
core nucleons is weak enough that in equation (3.9) only terms with - j
are important, then equation (3.9) becomes
« J «»J»
v p  - t - f(ric} “i T,u"f (ric)R/ f^ io}
... (3,13)
f J1 
f f
cc Jf f  . .
How let us write R. as a product of a parentage coefficient c and a
<3
normalized function R.- viz.
3
R/  f(ric) = c(V f ’ j) Eo (riC5 ... (3.1b)
Then (3.13) can be written as
where
t - u1:
T *« J
f ru.
a
ot J
°i = 1 4 " '
* 0 ... (3.15)
... (3.16)
In relation (3.1b) we, of course, have assumed that the dependence of 
°n ttp’J, is solely contained in the "parentage coefficient. Thus for the 
calculation of overlap integral we have reduced the problem to an uncoupled 
equation (3.15) which can be computed numerically. Still, the effective
potential depends upon Further., if we consider the case in which
the parentage of one particular state is strong and also if we recall that 
the residual interaction affects the wave function in second order, we may
cc J
f J .
neglect U. in (3.15). Equation (3*15) then is reduced to
J
- T - U^r Jl i f f j iC Ej(r c) = 0 ... (3.IT)
This equation has the right asymptotic behaviour as demanded by (3.k).
The equation (3.17) can be solved numerically if we know the potential
For determining tm(r^) we follow the phenomenological procedure.
In the formalism of elastic electron-scattering “) the transition density 
matrix also depends on the overlap integrals of the sane type as those in 
(p,2p) or any single nucleon pick-up reaction. Actually the density matrix 
of electron-scattering depends on all overlap integrals that arise in 
(p,2p) reaction to all possible final states including even those reached 
by core nucleon knock-out. But each one of them satisfies the equation 
(3.9) and Under certain considerations, equation (3.17). Each of these 
equations differ, however, in the separation energy e. Since the 
residual interaction amongst the extra-core nucleons is assumed to be 
weak, the separation energies for various states of the residual nucleus 
for a particular j would have a narrow spread. Therefore, using the 
average separation energy for £ in (3.17)9 which may be estimated from the 
poor resolution (p,2p) summed energy spectra, the effective potential 
U^(riC) may be determined to a .first approximation by fitting the elastic 
electron scattering data*
This potential may then be used to calculate a particular overlap■“ *■ r
integral in (p,2p) reaction whose right asymptotic form may be produced
by changing the depth of this potential. The effective potentials U°
J
which fit the electron-scattering data have actually been generated by
Elton and Swift. Therefore, we adopt the following procedure to compute
,r"
the radial wave function H „.(r „) apnear^ny in J*n£i 1C' ' n& xn %niy
Rn£j(r) satisfies the radial equation <
ii2 d2 
*2ylC dr2
Mf \ ^ £(£ + l) , vT , .- V(r) - — ---------- e(« j « J ) R .(r)
^ I C  r2 1 i' f f n£ti
... (3.18)
For the functional form of the central potential V(r) we take a Saxon-Woods 
shape with a Thomas spin .orbit term,
V(r)
, 2 *
V f(r) + 0.0055k\V (—  ) £.a + V~o o m c r d r ----CTT
... (3.19)
where V and A are the strength parameters of central and spin-orbit 
potentials respectively. is the Coulomb potential -which is taken to be
due to an equivalent uniform sphere of the same radius as the actual nucleus, 
and
f(r)
-1 x 
, and R = r (A-l) ^ ... (3f20)
The parameters of the form factor (3.20) are taken from the work of Elton and 
Swift. Then numerically we determine V for a given eigen value e and
finally solve equation (3.18) to determine the radial wave function H .(r). 
A computer programme written by Teseer has been used for this purpose,
3.2 Computation of Distorted Waves
(+)The distorted waves x and Xt> are obtained numerically. In theP J3
partial wave analysis (section 2.2.1) the radial part f^(kr) of the 
distorted waves x ~ (&» £.) is computed by solving the radial equation 
(2.57) numerically with the boundary conditions given by equation (2*58)•
The nuclear parts of the optical potential for the incoming and outgoing 
protons are taken to be of Saxon-Woods shape for both the real and imaginary 
parts, and spin-orbit distortion is neglected. The Coulomb part of the 
optical potential is approximated by that due to an uniformly charged sphere. 
Written explicitely, the potential is
with
and
U(r) « U . /i* - R-tx + exp (■..— •)a
•1 + iW _ ,r - R* X1 + exp (--  )
cl
-1 ... (3.21)
U  U
R - r (A - 1) ^  and R» = r’(A - l) 3 o o
0c(r)
zizse2
2 R«
(3 - r2/Rp for r<R,
for r:>R,
where R- ~ r ( A - l ) ^ i B  the Coulomb radius and Z. and Z are the
U J L . c z
charges on the pair of particles being scattered in units of electron 
charge. As discussed in section 2.1 parameters of potentials U(r) and 
U^(r) are determined bj the elastic scattering of protons on appropriate 
nuclei and at appropriate energies. Also we noticed in chapter 2 that the 
momentum k_jr, and hence the energy corresponding to it vary with the 
scattering angle. Therefore, for the computation of Xg” (^h-BQ* £  c) we 
need to have different potentials for different scattering angles. The 
information on the parameters of the optical potential in the energy region
appropriate to tlie outgoing protons is very spar so and an' extensive analysis 
has been carried out only for 12C. we have therefore been forced to 
extrapolate for rail other nuclei in the lp shell. The energy variation 
of the optical potential in the final state is taken to be of the form
U « U - «E o
... (3.23)
where parameters U , W , « and 3 are estimated from the available optical* q 9 q 9 .1.
potentials. A computer programme has been developed to compute the 
distorted waves and xi"^ and also to compute the cross-section givenp \8 ~ '
by equation (2.50). A copy of this program has been made available to
SRC Atlas Nuclear Physics Programme Library. 1
(+) (+)For the analysis using the high energy approximation x and are
obtained essentially by computing the integral (2.66) for the modulating 
(*0function $ (r). The criterian for the choice of the optical potential
is the same as that for the partial wave analysis. Another computer 
program has been written to compute the distorted waves and the expression 
(2,6k) for the cross-section in the di-proton and kinetic energy 
approximation.
3.3 Localization in configuration space
In section 3.1 on the overlap integral we remarked that (p,2p) reaction
cross-section, similar to (p,d) and other pick-up reactions, strongly depends
upon the tail of the bound state wave function. In this section we propose
to discuss the spatial distribution of this reaction on 12C in some detail.
For this purpose we choose the (p,2p) reaction on *2C at h60 MeV. There
are two reasons for this choice. First, e„s remarked in the previous
section, optical model potential parameters are available for this nucleus
at the required energies. Second, precise elastic electron scattering
(33 3°)analysis has been done for this nucleus, * to determine the parameters 
of the bound state wave functions. In fig. (3) we have plotted the real 
and imaginary part of the integral
1 1c )xp +)(S 0a » a ^ic) ph ccs0,) sin e' d6'd+' E F(ric)
+ iG(rlc)
for two values of the recoil momentum £. (8?, <*>?) are the polar angles of
r ~. We have also plotted the bound state wave-function (R „ .— 1C -1 nihj
As we see from the figure, the curves corresponding to |qJ - 100 MeV/c
peak around 6 fm, and considering their overlap with the bound state wave 
function it is clear that the shape and the magnitude of the cross-section 
at this value of Q, are mainly sensitive to the behaviour of the wave- 
function at large radii. At the higher recoil momentum i.e. 220 MeV/c, 
in addition to a peak around 6 fm., there is another peak around 2 fra.
Hence, as expected from the classical considerations, the cross-section at 
this value of £ depends upon the details of the wave-function inside the 
mean radius of the nucleus. But, as we can see from fig. (3) and also .1 -
from the plane wave limit of distorted waves (ref. equation 7*3), the
. (+)r . t
product (xi X ) oscillates with B - p
increases with [q |; therefore the cross-section at the large values of 
|q | is very small and is not very sensitive to the behaviour of the w&ve- 
function at small radii. Extrapolating from the conclusions at these two
£ lc and the frequency of oscillations
0.6
0 .4
0.2
r (fm)
Fig. 3. Localization of F(rir.) (full line) and-G(r )1C
(dashed line) in the configuration space0
values of in fig. (3)9 we can say that the cross-section for small and 
moderate values of | q J  depends sensitively upon the tail of the overlap 
integral while that for large values of Q_ depends upon the overlap 
integral inside the nuclear mean radius hut not very sensitively. Thus, 
in order to extract any detailed information on the behaviour of the overlap 
integral inside the nucleus one has to perform a very careful analysis of 
very accurate experiments.
As we shall see later on, the peaks in the angular distribution for 
the protons knocked out with angular momentum & ~ I from the nuclei in Ip 
shell occur around |q| * 100 MeV/c. Therefore* from the observations 
of the preceding paragraph* in order to extract the reliable 
spectroscopic information from the experimental data in lp shell, it is 
very important to describe the wave-function accurately in the surface
o
region. Due to the considerable success of the oscillator potential
and the convenience in handling it in nuclear structure calculations, it
is sometimes tempting to use it in direct reaction calculations.
Recalling that the oscillator wave-functions at large radii go as 
t -r2/a2e (where a is the oscillator parameter), whereas the required
. -.ocy* . ,
behaviour is e /y , it may not be too bad for the protons with large 
separation energy. For weakly bound protons it is expected to under­
estimate the cross-section considerably. To demonstrate this, in 
fig. (U), we have plotted the differential cross-section for the i2C(p,2p) 
reaction at an incident energy of l6o MeV using both the Saxon-Woo&s and 
oscills/fcor potentials to generate the bound state wave-function. In 
fig. (5) we have plotted the corresponding curves for the 6Li(p,2p) 
reaction for an incident energy of 185 MeV. The separation energies in
2
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Fig* 4m Comparison of the angular distribution for Ip knock-out 
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from C using Saxon—Woods (full line) and the harmonic 
oscillator (dashed line) potentials for the bound state
a
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Fig# 5# Comparison of the angular distribution for lp knock-out 
6from Li using Saxon-Woods (full line) and the harmonic 
oscillator (dashed line) potentials for the bound state 
wave function.
L
A
B
for these potentials are taken from the analysis of elastic electron
TO ( IlO )scattering. The oscillator parameter a for iZC is 2.31 fm and
K . . (hi)
for Li is 2.39 fm5 while the Sacon-vJoods potential parameters are
given in table 2. In as we see from. fig. (H), the difference
between two curves is not alarming while in 5Li, besides the change in 
the shape of angular distribution, the magnitude of the cross-section 
at the left hand peak obtained using the oscillator wave-function is 
about half that obtained using the Saxon-TIoods wave-function.
3.h Computation of (E®, 90°)
CLu I O
FP
For the free proton-rroton cross-section (E®, 90°) in equationso.2 o’ upp
(2.90) and (2.6h) for the differential cross-section for (p,2p) reaction
we have used the experimentally determined values. This cross-section,
(19) .after Berggren and Jacob, can be expressed within 5% accuracy for
kinetic energies E® of the incoming proton such that 20<E®<&00 MeV byo " J o
the analytic expression
oon (I' - 30)(E' - 65)(E' - lfco)
%  (E*, 90°) - 1,9 + £ £ +  m ° ' ‘C ° °' ■
dJJpp 0 " E ’_ S’2 10000 + 0.!; E g
... (3.2U)
PP . . .'■x o o . - - o
cIcTIn this expression energy E® is in MeV and the cross-section -r-r- is ino dO
PP
mb./sr. As we remarked in chapter 2, due to the off-energy-shell 
behaviour of the two-nucleon matrix element in equation (2.50) for T*.,
j. 3.
cLcjthe choice of E* for calculating is quite ambiguous. IIon-o 0.2
pp
relativisticallv the energy E® before the scattering of two protons is
o
E' « ~  |p + Q |2 ... (3.55)o 2m o — '
and after the scattering is
K  - s l s o - a i l 2 ... (3.26)
in
Fig» 6« Comparison of the free proton-proton cross-section
 ^ f
at 90 degrees for EQ before (dashed line) and Z
. 0  after
(full line) the scattering,*
L
A
B
for these tiro energies at the incident energies of l6o MeV- and hoO MeV 
for *2C (p»2p) reaction* As we see from the figure the difference 
between two curves at 160 MeV is considerable while that at h60 MeV 
incident energy is negligible* For our computation in the following 
chapters we have chosen E® prior to scattering.
3*5 Finite Range Effects
In the previous chapter we factorised the matrix element T«.. fi
(equation (2*37)) into the function g „.(0) and the matrix element of the
two-nuclecn interaction by neglecting the dependence of the distorted
waves on This factorisation is exact in the plane wave limit.
In the distorted wave approximation the essential argument for doing
this is that we expect the interaction V to be short ran^e* In factol
the distortion introduces local momenta which are different from the asymptotic
momenta and hence affects the two-nueleon interaction; this intimate
connection between the distortion and the two-nucleon interaction can
only be taken into account accurately in a finite range calculation.
Therefore, in order to estimate the uncertainties introduced by the zero
range approximation in computing the matrix element T^., in this section,
(3,) '
following Jackson, we apply the local energy approximation (LEA) of
(k?)Buttle and Goldfarb ~ to the di-proton model of the (p,2p) reaction.
The Taylor series expansion of the distorted waves can be written 
symbolically as
wnere
I k ^  + k ^  a - H i  V(*) + y(+))y-o p  -o p  *
and the superscripts (±) on each operator indicate on which of the 
( + ) .
functions x it operate . We next construct the total operator
k « I k ^  + k ^  - k . ... (3.28)—op —op —op —cl
and the operator corresponding to the Fourier transform of the potential.
V(r ),01
v QlW  =—on V(r ) exp{i r . k } dr ... (3.29)ol —01 —op —ol
so that the matrix element T_. in DWBA becomesf.i
T . =fi
... (3.30)
For a two-nucleon potential of Yukawa or Gaussian shape, the fourier 
transform. V(k^ ) can be expanded to give
k2
V(k ) = D(l - + ...) ... (3.31)
-OP r 2
o
where r^  represents the range of the potential and D is a constant 
involving the characteristic constants of the potential V(r )• To a
first order approximation we restrict the expansion (3.31) to the first
two terms only. Writing explicitsly
k 2 ■ » k^ 2 + I 1^“ 2^ + k2 + i ( k ^ . k ^  + k ^ . k ^ )
op . op op ol —op —op —op —op
- 2 k .  (ki+* + 1 W _)) ... (3.32)—ol —op —op
When operating on the plane waves the last term gives
- 2 k . ( k ^  + I k ^ ) x i “^ V +* 15 2i k .(2 + V ^ ) X p ~ ^ V +^—ol -op —op B Ap -op B Ap
/ 1 \ (-)*’ (+)
* ~ 2 ^ ol * ^oA ~ § ~BC B Xp 5 °*
0
-
3
fsi
Fig. 7* Radial distribution of U(r )+iW(r r>) for
1C 1C
12C(pf2p) reaction.
since the asyrrrtotic momenta k , and (k K \ k^„) are orthogonal• We
v " -ol ~oA —hC
assume that this result holds approximately for distorted craves .
v - ' - T •  -
Expressing k2- in terms of gradient operators and carrying out theop "• «/ o
algebra of ref. (^2)s finally we get
<k2 > = K2
0*0 "ol
+ I v2 *r 2  . ,1 >2 + .L>0
m
v,2 vo c(A a > “V  + W '  V ^ c >  V  - h i  ••• (3-33)
where V ^ is the (real)potential which gives the single particle wave-' 
function for the bound proton. In the usual zero range DWIA formalism 
(as used in charter 2) we have
■fi tol<’C,)4" )" (^ BC> ^ i C ^ p h  c )d-lC
... (3.30
... (3.35)
»
where v ■>M 2 XV.**.—oA 4 —BC k .—Ol
Writing the expression analogous to (3*3^) in LEA
( ) (+)
g p O x g  <4 o. rlC)x„ ••• (3,36)
The difference between expressions (3.3^) and (3.3t) for T^. lies in 
the definations (3.33), (3.35) of the momenta jc and £*, and it is two 
fold. Firstly £  depends upon whereas jc’ does net, - secondly the 
magnitude and variation of |kJ with the scattering angle are different 
from those of |j<T |. To investigate this precisely, in fig. (7) we 
have -plotted
Xii
i 2
e U(rlC) + iW(rlC)UoC^oA» ariC^  + VlC^ riC^  * VB^BC* riC}
against r r for 12C(p,2p) reaction at an incident energy of 160 MeV and 
at a scattering angle of 28°. For the same reaction we have plotted in 
fig. (8) the function
against the scattering angle. In section 3.3 we have noticed that the 
major contribution to T*. comes from the region of r. _ around 6 fm.XX 10
Now from figs. (7) and (8) we note that in this region U(r )^ + iwCr^) i-s 
much smaller than k2. Hence we can neglect the dependence of |kJ on r^. 
Therefore in LEA the matrix element
T (k Mpp —
is replaced by
T (k) =
PP -
r i jc*.r
e ° t (r, ) dr
—ol —oi
1 JS*r
e 01t (r ) dr • 
-oi , -oi
On the energy shell scattering, the energy of the two protons in their 
centre-of-mass system before and after the collision is the same, i.e.
<o
l^c l I ~ l^oA ~ 2 ;
therefore from equation (3.35)
i n  = = ^lioA-^Bcl ... (3.3T)
In fig. (8) we have also plotted 2)^ ]i As we note from this figure
the difference between the two curves decreases with the scattering
angle. To observe its effect on the free p-p cross-section terra in the
expression for cross-section (equation 2.50), in fig. (8) we have also
plotted (Ev, 90°) corresponding to k2 and jjc’ |2 defined by
Cw * o “ '
PP
equation (3.37) at the incident energy of loO MeV. From this we note 
that the correction due to finite range effect decreases with the 
scattering angle. Consequently the ratio of the left hand maximum to 
the right hand one in angular distribution for 12C(p,2p) reaction changes 
by about 15$. At higher incident energies, e.g. k6o MeV, although k2
and Iji9 |2 differ, they do not produce any uncertainty in the cross-
d q  •section because remains constant at these energies,
aft
■dp
1vd cn
fO
m
O l
<3>
cm
Fig, 8* Comparison of the angular variation of K2 and 2|k 412
■ ol
and the free p-p cross-section corresponding to K2 
(full line) and 2|k6l^2 (dashed line).
LA
B
3.6 Uncertainties in the calculations due to the treatment of 
the kinematics
In chapter 2 we have presented two formalisms for the differential 
cross-section for the (p,2p) reaction: one with non-relativistic
kinematics (equation 2.26), and another with relativistic kinematics 
(equation 2.61). We also remarked that for the calculations at incident 
energies 'below 200 MeV we will use the non-relativistic kinematics* In 
order to get an idea about the uncertainty introduced in the cross-section 
due to the treatment of kinematics, in fig. (9) we have plotted
F(e) dEdft OSi.o * Zj
- / I C .  (e) ... (3.38)
1 0 ?!.J ^
for 12C(p,2p) reaction at an incident energy of l60 MeV for the
relativistic kinematics (F_(0)).and. the non-relativistic kinematics
(V 6))- As we observe from this figure, F^(0) in conttast to FjT^ (6)
remains constant over the angular range of interest and also its value is
slightly larger than that of FT.Tri (G). Consequently, in the computet ion
of cross-section with the non-relativistic kinematics * the ratio of the
right hand maximum and the left hand maximum in the angular distribution
is slightly underestimated. In the particular case of 12C(p,2p) at the
incident energy of 160 MeV this underestimation is about 2k%, This
CJ ouncertainty mainly arises from the fact that (E^, 90 ) has a large
PP
gradient at lower energies (E?). Due to the seme reason at highero
incident energies the difference between F^(6) and F^(e) is negligible 
over the whole angular range of interest.
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Fig* 9* Comparison of F(0 ) for the relativistic and 
the non-relativistic kinematics.
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3.7 Comparison of the Di-Proton model and the Kinetic Energy 
Approximation model
In the previous chapter we derived the expressions for the 
differential cross-section for the (p,2p) reaction in two approximations 
the di-prcton model and the kinetic energy approximation. The former 
model is exact in the plane wave limit of the scattering states while 
the latter one is exact in the limit of the infinitely heavy target 
nucleus. In order to compare the predictions of these two models, we 
have plotted in fig. (10) the differential cross-section for 12C(p,2p) 
reaction at an incident energy of 2+60 MeV, For the sake of convenience 
in computation, we have used the trapezoidal shape for the optical 
potential for the outgoing waves. Parameters for this potential are 
estimated by those of available Saxon-Woods potential. As we see from 
the figure, the ^ difference between the two curves is not very much. 
Earlier in chapter 2 we pointed cut that the tine of computation for 
the differential cross-section in the di-proton model is considerably 
less in comparison to that in the kinetic energy approximation. How in 
association with the result of this section we conclude that this 
computational ease in the di-proton model is gained while still 
maintaining the reliability of the results.
4
0
0
C7>
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Fig* 10, Comparison of the angular distribution for lp knock-out from C
using the di-proton model approximation (full line) and the kinetic 
energy approximation (dashed line)*
CHAPTER k. Spectroscopic Factors
_•*      — **. —
k •1 Introduction
In the introduction to this thesis we qualitatively argued that the 
angular correlation distribution of the (p,2p) reaction contains 
information about the single hole states in target nuclei. We also 
remarked that the strength of the single hole state created by the knock­
out of a proton is, in general, distributed over the ground state and 
several excited states of the residual nucleus^ and the strength of the 
transition to each of the residual states is governed by its parentage in 
the ground state of target nucleus. Now after presenting the formalism 
of the (p,2p) reaction in the previous chapters, we see that quantitively 
this information is contained in the overlap integral b (r .J ,
P  - - 1 C  *
equation (2.38),0 Furthermore, 4 ^ q ) itself splits as
V*c> " I (V!V!lJiai )(V vfvIVi> {f4) ai )ptAjM i f
(o••• \d•Hh/
where, the wave-function mainly determines the shape of the angular
A
distribution while the parantage coefficient (£j) is primarily
iKf
responsible for determining the magnitude of the cross-section. The 
parentage coefficient ^  (&j) is related to the spectroscopic factor
cc4ocf»
"u M
S ( )  through ecuation (2.53). Therefore, if it' . and the distortedcc. a c - X, i
i f  ■
waves for the incoming end outgoing particles eve properly described, we
can determine -the spectroscopic factor by a direct comparison of the
experimental and the computed cross-section. Then the comparison of
S with S , calculated from a suitable nuclear model provides a 
exp theo
valuable test of this model, i For the calculation of the theoretical
spectroscopic factors we have used three coupling schemes, viz.
(1) Intermediate Coupling Scheme,
(2) Collective Model Coupling Scheme, and
(3) SU3 Coupling Scheme.
In the remainder of this chapter we will discuss each of these schemes 
and derive the expressions for the spectroscopic factors. The develop­
ment of a formalism for deriving the spectroscopic factor from nuclear
. . .  . . (k3)
models is given m  a review article by MacFarlane and French. A
general guidance is taken from this article.
b,2 Intermediate Coupling Scheme
In the shell model, nucleons in the nucleus are assumed to move 
independently in a uniform average potential, i.e. the Hamiltonian for th 
system is
H “ I [i. + V(r.)] ... (h.l)o h 1 1 J1
The single particle wave function in this spherically symmetric potential
are denoted by In i nn m > , where n and i are the radial and orbital*■ ! i s
angular momentum quantum numbers, and and m are the projections of i_
and the spin quantum number s_. If there are two nucleons in the states
Ini £1 m > and ln? £•> mA m >, the state of the system with
1 1 1 j?q si • “ s2
definite angular momentum can be built in either of the two ways:
(h>)— -First- by—cou^llng-^th^^^bibalf^ugulirr momenta
(l) First by coupling the orbital angular momenta £j and 
to Xj and the spins sj and S2 to S, s,n& then coupling 
L and jS to make the total angular momentum J, i.e.
JLi + iz ~ i
ElI + K £
L + S *= J
Since both Sj and are obviously (3 can be 0 and 1 only. 
In this scheme states arising out of the same configurations 
are labelled by L, _S and J_* This scheme is called the 
LS-Coupling scheme or Russell Saunders coupling scheme.
(2) First by coupling £_ and js to make the total angular momentum, 
of each state and then coupling these j?s to construct 
total angular momentum J, i.e.
1.1 + H2 J
... (U.3)
In this scheme the wave function of the system are labelled 
i p  J-2? is an<^  ’k*10 coupling scheme itself is called 
the jj-coupling scheme.
In general the basis states in either of these two schemes are the 
linear combination of the states in the other scheme. The choice of the
scheme for the descrijyfcion of a physical state is governed purely by the 
nature of the interaction V(r), e.g. in a system of purely central forces
the LS-scheme is preferable because the interaction is diagonal in it.(hh)
To bring out the meaning of intermediate coupling very clearly let us tale 
a specific configuration, say (lp)2. Using the spectroscopic notation
1 • o o i
L , two p nucleons of this configuration may coitnle to 3S, 3D, AS,
J
1D, 3P, 1P in LS-coupling scheme* Now if the shell model interaction is 
purely central, these states are degenerate. Therefore, if we want to 
lift this degeneracy we have to introduce some extra interaction; and this 
is legitimate from the physical point of view. The single particle central 
potential might, under certain circumstances, approximate to a certain 
extent the actual mutual interaction, hut it cannot replace the actual 
interaction completely. However, if the shell model central, interaction 
is a good approximation to the actual interaction, the residual interaction 
could he treated as a perturbation. Let us now suppose that this residual 
interaction is a two body centred interaction of the following general
.05)form
VC ^ 12) ” (¥ + MP12 + BP 12 + HP 1*2 P12) v(r12) ... (b,k)
where
pT2 b -  J [1 + (a x . £2) ]  [ l  + ( t j .  
is the space exchange operator, and
?12 = I &  + (£l‘ £2)]
is the spin exchange operator, and _r and _a are the iso-spin and spin 
operators respectively. The four terms in (U.^) are derived from ¥igner 
forces (non-exchange term), Majorana forces, Bartlett forces and 
Heisenberg forces respectively* The first order correction to the energy 
of a state |&i £2 ^ $ J > LS-coupling scheme for the residual 
intersection is
— L + S
AEtot = <£1£2LST|Vri(r12)Ui^2LSJ > * (-1)JLioJ 0
<£1£2LSJ|V (r12)|£2£iLSJ> ... (l!-.5)
terms respectively, and corresponding to them there are two Slater 
integrals L and K defined as follows
f ft ft
L (Direct integral) * j i^(rji) ^2^ 2) V(rj2) £^.1.) <t£l!3£2
K (Exchange integral) - $i(£i) i'2(^2) vt l 2) ^l^Dz^ ^ 2 £^l^
... [k.6)
As a result of this the states classified earlier will split Lip. The 
amount of splitting AE would depend upon the details of the single
IjD o
particle wave functions b?s and the interaction V(r12) or equivalently on 
the values of integrals L and K, Since in our added interaction 0-uh) 
there were no spin-orbit forces, obviously the triplet states are still 
degenerate. How suppose we introduce a spin-orbit potential of the 
form
V0 _ = AS £..s. ... (It.7)S.O. 1 —1 —1
then each triplet state would split up into states of definite J and the 
amount of splitting would depend upon X. low using K as the unit of 
energy and for a certain value of L/K, if we vary A/K, then each energy 
level moves. In the limit x/K being very large the ordering of the 
spectrum, would be the one arising from the configurations p2 , p p end
h  h  h
This is what one would expect from the pure j-j coupling scheme. The 
obvious conclusion from it is that for intermediate values of A we should 
expect a mixture of both. This scheme is called the ^Intermediate 
Coupling Scheme”. The basic idea in doing the energy level calculation 
with mixed interaction is to construct a linear combination of basis ' 
states (in L3 - or jj - scheme) which diagonalizes the residual 
interaction and gives the required spectra. The agreement with the 
experimental spectra is sought by varying the two-body interaction
parameters and single particle wave function, or quantities related to
them. This vay on£ gets the energy level spectra of the nuclei and the
description of their states in terms of chosen hasis states. The first
(1*8)calculation of this type ras done by Inglis. Later on Kurath m  a
similar calculation used the -coupled basis states and chose a
simplified versiorj of the Rosenfeld exchange mixture (¥ a H ■ 0, M s 0,8,
X (1*9)B ss 0.2) for V-# ; Boyarkina also did the same type of calculation using 
LS coupled basis states and employed the more commonly used Rosenfeld 
mixture (W - -0.13^ M « 0.93, B - 0.1*6, and H « -0.26)1'^ Tables for the 
mixing coefficients from both of these calculations are available#
Kurath*s tobies arc obtained in the j-j coupled basis states using the
m-schene formalism (ref. section 1*.2.2) while those of Boyarkina are in
. (51)LS-scheme# In a more recent calculation by Cohen and Kurath, an
alternative method has been adopted. Here the two body matrix elements
themselves are used as the parameters. If we assume that only effective
two-body Interactions are present, the energies in the I-particle
configurations are. linear combinations of the matrix elements in two-
particle configurations. Thewhole argument in favour of these
calculations is that since these two-body matrix elements are used as
parameters, they will be fixed by the experimental data, and hence they
represent fairly well the matrix elements of the effective interaction.
By using a parameterized effective interaction, in order to get the
matrix elements of this quality one will have to use too many parameters
(52)
or some ad hoc assumptions. Cohen and Kurath have published the 
tables of parentage coefficients arising from their work on Ip shell 
nuclei.
If the data on single particle stripping or pick-up reactions are 
precise enough, they can be used to check the consistency of the above 
three calculations by using the corresponding wave functions to interpret
these data* The data on (p,2p) reaction are not precise enough and
secondly the experiments of this type are comparatively new, hence they
cannot be used for the above purpose. However, the wave functions from
these calculations which are checked otherwise nay be used to interpret
the (p,2p) reaction; and hence they may be used to establish if the
(p,2p) reaction can serve as a tool 3?or the spectroscopic investigations.
Wavefunctions from the calculations of Cohen and Kurath have been checked
(^ 3)by stripping reactions " and have been found good. We, therefore, 
will be using their wave functions to interpret (p,2p) reaction in lp 
shell nuclei. However, for the sake of completeness we will give the 
derivation of spectroscopic factors in the other two schemes as well, 
and at places where the data permit we will compare the spectroscopic 
factors from the work of Boyarkina and Cohen and Kurath.
U.2.1 LS-Coupled Basis States
The wave function of the N and (N~l) nucleon system is written as
M.v. «.J.T. M.v.
?_1T1rn a?) = y cTV  1 f f A  r o w  •• •  (k-8)
and
■«.J.T.'~W rL„ L.S. «.J.T.L.S.1 1 1  L.S. 1 1  1 1 1 1 11 1
M v ^ rtJ JT _ M_v _
, / / t (N-1) = I C s f f \  J £ L S(H-1) ... (4.9)
f f f LfS f f f f f f f
where (N) and {IT—1) denote collectively the space, spin and iso-spin 
variables of the target and the residual nuclei respectively. The C?s 
are the mixing coefficient and are obtained from the energy-matrix 
di agonal i s at ion. The wave functions ¥*s are antisymmetric and are 1
normalized, and therefore
How we do a fractional parentage expansion for ^ g(H)» viz.
f  i i i i
M.v.
•f 1T1rrt T Q s I (*1L®S’T* 5 £st I }«.L.S.T.) (L.S.m.a. | J.M.)cc.J.T.L.S. L f f f f 5 1 i i i i 1 1 1  i’ 1 1
1 1 1 1 1  oc'l’S'T® n . a. v.
f f f f  m 1 .1 i n.i-n
*L. *S. T. CH.1X)
1 1  1 1 1
where ( |) ) is the coefficient of fractional parentage. The space, spin
and iso-spin functions appearing in Onll) are defined as
' i! = I (L*t«^|L.mi)?2 «” ... (4.12)
1 njpi
® (SJ,sa^ cr|Pacf^ ) 4>s ••• (^*13)
k'i x ' ' v "a La
v. v
B prpf P^. *•* (^.1*0
i f
Using the transformation matrix T we can write
I (1.8. ^ ! % ^  ~  i TCj 45  L S j l t ^ l J j H . )
V i  1 1  J Jf
M M* f
where
Mj, n* a’
»j W  “ J V  *s; - (u*i6)
f f f Vff* 2 f
T f
8 J (£ s i o | j M) ^  ^  Ik.XI)
3 mo
(5*0and the transfozmation matrix T is defined as
T(j j , LS) « f(2j + l)(2j + 1)(2L + 1)(2S + 1)1* X
1 2 L 1 2 J ... (Ij.iS)
with
X = x U lSljlS Jt2s2j2; LSJ)
= (-l)ph£ (2t + lWsiljj!!; ti1)W(£2s1,i2S; ts2)
t
W(LjlSj2: tJ)
where
ph « * <h + &2 + $2 + J2 + + s
(55)and W is a Racah c o e f f i c i ent. The other symbols have their standard
meaning. Substituting (U.15) in (2i.ll) we get
M.v.
y 1 A ,  (I) - I
1 1
* j M- H L.S.
1 1
T( j J*; L. S.) ( J.M.} (T£tv£v| T .v.)
vv f f M Vi t f f t(s-U ^  P; .. (J4.19)
where
Mivi f f
f f f f f
Tv]? v ?
f f
* ^oc»J*L*S? PT*
f f f f  f
M_v ■p f
JFow multiplying (^.19) on the left by ¥ and integrating over the
J« X H.
coordinates of first (l-l) particles we get
M.v.M v 
"f f
V / m  (H-l) V j /  (H) d(H-l)
f f f i 5/ i
= I
h
ajM
L-S-L.S. f f 1 1
( I JjM. ) (Tftvfv I Tivi )
« J X  , 1 1 1  _ f f f
(y '-'r rtiJ • O •
1 1  f f
(*fV f  T(^Tf> h V *"(r, Si)o
(k.20)
C+ 
<-
Comparing (^.20) with (2.h2) we get
d  « J-T.
-'-Uj) = l c 1 1 1 C V  ( % L  S tst|}«.L.S.)
lf L S L.S. V i  V f  ± x f 111
T(j Jv, L.S.) ... (^.21)f- l i
where in the parentage coefficient J  we have abbreviated the quantum 
numbers of target nucleus and residual nucleus state by i and f 
respectively.
Alternatively, we could also have derived the expression for 
spectroscopic factor in LSJT representation by using the channel spin 
formalism. In this formalism, following MacFarlane and French, we get
SifU> “ 11 I $it (*Z)F  •” (lt,22)
where
\i!{ZZ) " T* Cl V  < W f  “ l ^ i 1L S  L.S, i i f f
f f i l
£ + L + L.
(-1) - ’’UUL^J.S.; L.Z) U(LfSfZ h  JfS.)
... )^.23)
with channel spin Z defined by 
Z * Jf + I
and ... (h .2h)
z = 1  +
U is the normalized Eacah coefficient, and is related to the iT-coefficient 
* < * >
r
U(abcd; ef) = [(» + l)(2f + 1)] W(abed; ef)
In a straightforward way, from the expressions (It.21) and. (it.23) it can
be shown that
Sif(0 - N I C 4 az)3 2 “ H I ••• (!,-25)
The fractional parentage coefficients appearing in (^.21) and (h.23)
are the product of three factors: a charge-spin cfp., an orbital cfp.,
and a weighting factor. For the p-shell nuclei, they are tabulated by
(57)Jshn and van Wiermgen, but the phases are incorrect m  these tables, 
and for use in the above expressions, they should be amended as given by 
Elliott, Hope and Jahn$5^
b.2.2 jj-Coupled Basic States in m-Scheme Formalism
The ST'iectrosccpic factors in this scheme are useful when the wave
(1*9)
functions arising from earlier work of Kurath are used. In the 
following formalism we restrict ourselves to the Ip shell only, and for 
convenience in consulting Kurath*s tables we will use his notation.
The wave functions which result from the diagonalisation of the energy 
matrix are of the form
¥(j.T.) - y 0 ^  ^ n\j.T.) ... (k.26)1 1  L g g l 1
S»n
,(n)
S
where $ are the coefficients given by diagonalisation, and the},?- are 
&
tabulated, and (n) indicates the number of nucleons in the pi shell.
5
The label g is needed since there are often several states of the same
(n)J.,T. and (n). The ¥ (j.T.) are the wave functions for N nucleons in
i i g i l
lp shell with
(j.T.) « 7 «^(J.T.) f1(n)(fi.S.) ... (>4.27)g i i £ gk i i  k i i
where *s a completely antisymmetric wave function of £T
nucleons in a given set of m-states of individual particle jj-functions 
(i-e. a determinant). Like ^j^^i^i^ eacil functions
and f(j^T^) has definite projection quantum numbers fiL and We have
omitted them for the sake of brevity. The transformation coefficients 
(n)« " (J.T.) are also tabulated by Kurath for the states of interest.gx i 1
(n)Writing lF explicitely by expanding the determinant by first row,
1 1
j i L
... (it.28)
where e* is the label corresponding to k for (K-l) particle system and 
defines a (N-l) particle wave function arising from knocking out a, particle
q  / V
1 in state from The phase factor corresponding to even
and odd columns in the determinant is absorbed in Also, the projection
quantum numbers satisfy
8. = 8 + 8i f
and
w. “ \L + v ... {h,?9)l f ■
The quantum number v == g corresponds to a proton and v= - \ to a neutron. 
Since in the (p,2p) reaction a proton is knocked out, in (^.28) only the 
terms corresponding to v - g are relevant. In (ii.28) j can be either I 
or ^  , and 8 can have half integer values between to +3/2 . Wow
splitting the sum in (3.28) in terms corresponding to j = V2 and j = 
we get terms for v - V2 as
J n)(8 .8.) = I
k i i  L
| L
<*&)>
... (it.31)
In the same representation the wave function for the residual nuclear 
state is written as
h,nT
with
'!h ' )(Jr f ) = I 4 e ’)(JfTf)'!‘ln')(nfVf] ... (b.33)
e
ft /Now denoting the overlap integral of (^.26) and (k,32) by Ovl), for a 
definite projection quantum ft we get
08(1) = l [ l  f W ;!5 l { 4 (l)Sn<*n-l
nnT ^ U ° he ^
4 2(1) 5n\n>
where <5 in the curly brackets is the Kronecker delta function. Defining
A.
3
(n») A n ’) ... {k.3b)
where
n1 n 1 for j a l/2
a n for j a %
We can rewrite 0L as
0®(1) = I A
i <3 J J
... (U.35)
In order to get the overlap function for an arbitrary value of projection
quantum number M we do a fractional parentage expansion for
Then
0S(1) = I (i) . . .  (It.36)
2 1
and, for the overlap function with arbitrary projection quantum number M,
0M(X) *  I (Jj jMjfJIJ.M.) vIT.V.) c.* * “ (1) . . .  (U.3T)JJ,f f
3 1 2
ft
Now, from equations (1*.3S) and (I*.37) and using equation (U.35) for 0"", 
we get
0 (1) = I (JfjMfM|j.M.)(Tftvfv|T.vi){A;.[jJfjfi[^|j.8i)
<3
(TftSO Olm o \ I-1-, .II/, \ V• v T.v.) f * l i J
} f . ( l )  p g l)  . . .  (It.38)
In the expression (^.38) we have written the iso-spin wave function 
explicitely. Now comparing (It*38) with (2.^2) we get
* us) = • • • (lu39)
where A. is defined by (^.3^).
J
k,2.3 General Scheme
Here we expand the wave function of the N nucleon system in a most 
general form, i.e.
M.v.
V  ' ^ Y l V i 5 ^  ... (k.bo)
where A( f} )is the parentage coefficient, which have been tabulated by 
(51)Cohen and ICurath. How constructing the overlap integral of (It.lO) with 
the (N-l) nucleon wave function for the residual nucleus state, and 
comparing the result with (2.^2) we get
) = 9 ^  I ^ i^i^i^ ... (^.Ul)
I*.3 Collective Model Coupling Scheme
In the intermediate coupling scheme the wave function of a nucleus is 
assumed to first order to he well approximated by an antisymmeterized 
product of the independent particle wave functions. As the none ?findependent” 
suggests, in this model nucleons are assumed to move independently of one 
another in an average spherically symmetric field. Employing some weak 
residual interaction as perturbation on this average field, this model has 
been very successful in accounting for various nuclear properties. However,
there are things (e.g. very large quadrupole moments) which cannot be
. (59) . .
understood on this basis unless some strong residual interaction is
invoked. This would, in general, involve a very complicated configuration
mixing. In order to explain, for example large quadrupole moments, the
configuration interaction has to be such as to have a strong constructive
interference between the component electric quadrupole amplitudes. In
other words, the only way to explain these properties is to introduce a
collective motion of the particles. This is in effect what the collective
model does. In this model nuclei are assumed to be deformed, and the
individual nucleons move in a deformed fiel&l^^ In the case of large
deformation the orientation of the deformed field gets stabilised, and
therefore we can talk of the intrinsic motion of the nucleons in a static
deformed field.
Unlike the treatment of spherical symmetric nuclei, here, for the sake 
of simplicity, we do not treat neutrons and protons as indistinguishable 
particles, i.e. we no longer work in the iso-spin formalism. Therefore, 
the expression for the differential cross-section does not involve any 
Clebsh-Gordon coefficient for the iso-spin. But in order to conform to- 
the expression for differential cross-section used in the previous sections 
we define the spectroscopic factor as
S« « “ 33 I W l V i ’’2 l^le a (£j)|2 ••• <U-!t2)
i f i f
The equation (2*1*2) which defines the parentage coefficient ^  (£j)c :. oc
i f
is then modified to
y r lC) = L  °1) ••• < ^ 3>
In equation (U.**2), If represents the number of active protons^ and not the 
number of active nucleons. In the adiabatic approximation of the strong 
coupling scheme we can separate approximately the intrinsic motion of the 
nucleons in the deformed field from the rotational and vibrational motion; 
this means we can write the nuclear wave function as the product of three 
wave functions
* - W  hot- x (!,-UU)
where x represents the intrinsic motion of nucleons in a body fixed frame
of reference. For a spheroidal density distribution and hence the
spheroidal deformed potential, the rotational motion is characterized by
the quantum numbers J, M and K, i.e. the total angular momentum, its
Z-projection in the space fixed frame of reference (hereafter denoted by
unprimed position coordinates), and its Z-projection in the body fixed
frame of reference (hereafter denoted by primed position coordinates).
The intrinsic motion of the individual nucleon is characterized by the
Z*-projection of its angular momentum. Another consequence of the axial
symmetry of the potential is that K - E fii, where £ S2i is the summed
i i
Zf-projection quantum number for all the nucleons. Yet another important 
property of the spheroidal potential is its reflection symmetry. This 
demands that the wave function should be invariant under a rotation of 
180° about any axis passing through the centre of the potential.
Therefore, the properly symmeterized normal wave function ¥ for the target 
nucleus is written
«. J.
1 1
M.K.l 1
2 J. + 1l
16,2(1 + « )
1* -J
J. oc, J. - IC
r*) + (-i) 1
'i i i
J. «.
V  - IC r»)
i i 1  iv . 1 ^vib
... (it.^ 5)
oc ^
The intrinsic wave function Xv1 ^or ^-e extra-core nucleons is a product& •
. 1
of the normalized sJ.ater determinants for the neutrons and protons. R. is
cc .
the reflection symmetry operator for xv . The normalisation factor in
(5?)( k M )  arises from a particular normalisation of the D-matrices, viz.
dmk (6) dm k (6) ae = 8it2/(2J + U
where 0 refers to the Eulerian angles. Explicitly Xrf1 is written as
XK* ~ $ftn (us) Ai xft,^xft2^  XftL^l * E
. . .  (U. UT 5
where is the normal antisymmetric wave function for neutrons with the 
total projection quantum number ftR. From the axial ■ symmetry therefore
K. = ft + ft l n p ... (k.k8)
where ft , the total projection quantum number for protons, is defined as 
P
P
fti + ft9 + ... + ft.E ... (J+.U9)
In equation (J+.17) is the antisymmeterization operator for the protons. 
In a similar way the wave function for the final nucleus of (IT—1) extra­
core protons is written as
oc T
f t
Mjr 
f f
2 J f + l
l6ir2(l + J f f f
”vib
where K^, the total projection quantum number for the final nucleus, is
with
K,
ft’
P
ft + ft* n p
ft - ft 
P
... (it.51)
ft is the projection quantum number of the ejected proton. The intrinsic
OC
wave function Xg (j>/) is written in a way similar to (1.17), i.e.
\K. #ftn ( (E-l)j) Af Xft2^  Xn **' Xft,T^  **# (4*52)
It may be noted from equations (1.17) and (1.52) that we have identified 
the ejected proton with proton ”ln in state Xq1 an 1^ therefore comparing 
with (3.51),
ft s ft'
The overlap of wave functions (1.15) and (1.50) therefore is
(2 + l)(2 Jf + 1)
(1 + 6k>0")"(1 + 6k^q)
1 f
16712
I + II + III + IV
... (1.53)
where various terms appearing in (1.53) are defined as
Now using the definitions of the various functions appearing in the above 
terms we can simplify the.’:;., and using the explicit forms of x’s > we have
<x/(r)|x“>(5\ £')> = (*)* x“(r') ... (U.5U)
Since the overlap integral $ (r.) appearing in the T-natrix (equation 2.10)
* * °C , \ ,
is m  space-fixed frame of reference, we first decompose Xqv£. ) into the 
eigen functions of total angular momentum j and then transform then to the 
space-fixed frame of.reference, i.e. we write
x“(r») - I C“n XjjjCr,*) ••• 0*55)
. . . cc . . . . .
where the exnansion coefficient C>r. is the probabilitv amplitude of findingjft
the ejected proton with angular momentum j in state x-o(rf)* Now x*0(rt) ‘ 
can be transformed to the space-fixed frame of reference with the help of 
a rotation matrix^ 3 ^
X ^(r’) = I 1^ ( 8) XJm(p) ••• 0.56)
Hence in terms of the transformed wave function
^ x / e * .  r')|xKh i ’)> = (i) 1 I <£/£(» >x]^*) "• (lf-57)
f 1 tj "i
Subsequently
1
' h i  (6)D® (6) V E .(«)a9
jM 0 J t f 1 11 ” ( 3) M^C>5nXjM^  . ~M"K """MB"" "M-K-
Using the property that
\ _ Bit2
“ W - T T J  W i X W l ' i V
•..(U.58)
1 - T s X W T r  (I)' Xj„<r)
... (1.59)
The presence of the Clebsch-Gordon coefficients in (1.59) imposes the 
following selection rules
and
J.—i
K.1
If *  A
M. as M + M
1 f
i.e. ft XV.. - h.1 f
... (1.60)
The evaluation of second integral in (1.53) requires a knowledge of the 
effect of operation of the reflection operator R on the intrinsic wave 
function* This can be studied by using an expansion of the sort given 
by (li.55).
« # £ ’> = I = I ( - l H  + ■ ... 0 .61)
3 (3
Since for a spheroidal potential the energy eigen states with projection
quantum number ±ft are degenerate, it can be proved by examining the
coupled equations for resulting by substituting the expansion (1.55)
in the Schr<5dinger eouation for the intrinsic motion that and C. _jft j - ft
are equal within an arbitrary; phase factor. We assume
cT, = (-D^ - * + * c.“_ n ...(>+.62)
. £ . cc . . cc
where (-1) measures the parity of x^« ^he coefficients C.^ are 
connected to the coefficients of Nilsson simply by a vector
x • (60)coupling coefficient, viz.
C.Q = I (£ i A z | j ft): ... (1.63)
The phase factor in (1.6ft) results from a particular choice of the phase
Substituting for C.n from (1.62) in (1.6l) we have
B X “ - U - l f
U ) *  + 12 - * I Cj _ a x] . flfe*)
<3
= (-I)* + Q " 1 x“n(r') ... ih.6k)
The phase factor (-1)^ + ^ “ 2 in (1.61) should be interpreted as 
multiplying each component in expansion (1.55)* Using (1.61) then
TT
; . . ■„ ' n
1 ,_,x *
A. (l)x‘S ••• xRi XK.
Rf XKh
Ri §ftn(iu) i —ft^  —ft 2
A
>sf V  (tibrj
N
r £. + ft? - ~  + 1
p 2
-ft,
... (I.65)
Therefore
A„x“2 (2)x“l  ... xj[ (H) ... (U.66)
‘* ' V " ' A-03
„ afi„ “i I i f  , ,»A + K. + IC - H + 1 ■* ,
f \ J J‘i = ill) (  ^ 1 x x-n -
f 1
Now following the same procedure as for integral I, we get
...(1.67)
(Jri - Kf - Bl^ - E.)
... (1.68)
Using the relation (1.62) and the following relation for Clebsch-Gordon 
coefficient
J. - j -
(Jfj _ Kf - S!|J. - K.) = (-1) 1 ... (k.69)
where the phase factor ph is
ph ~ J . + J j + E - N + i - j + i - E + J h - j - J ^
= 2 (J. - §) + 2(-j + I)
X c.
The factors in both the brackets are always integer, therefore ph is 
always even. Hence
8-jt2 / i \ 2
Ti B — «
i ' JM
(it.71)
Comparing the expressions (1.59) and (1.71) we find they are exactly the 
same. The selection rules too in both the cases are the same. Therefore 
we can write 0
1 +11 - w r r i ( i f  y  W i k V (W l JiKi )c^i ' ' jM
...(1.72)
Evaluation of III and IV integrals in (1.53) Involves the following overlap 
of the intrinsic wave functions
OC
<XKJi')|K. XFX(r, r')>
‘i
a  oc.
and <P^ XKf (£*) i Xjr1 ( V  » £* )>
If i
Recalling the operation of the reflection operator R on the intrinsic wave 
function the selection rules involved in these two integrals are
|ft| » iKh + K^| ... (1.73)
If K. o r ' L  are different from zero, this selection rule is incompatible 
i f
with that involved in I and II. Therefore if I and II contribute to
the overlap integral, the contribution of III and IV is zero. Therefore
y r >
)T + 1 ^  *3
3 T t t | ( i f  y
...(1.71)
2,5- 1
On the other hand, if Kh or is zero, both selection rules (1.6o) and 
(1.73) reduce to
|q | = |K.| or |Kf j
depending if K^ , » 0  or IC » 0.
In that case again using the effect of reflection operator and the 
properties of D-matrices we get
III « IV m r r  ( s ) X (W l JiMi)(W l JiKi)cj03. JAl
... (!*.T5)
2J
Eence
* (r) = 2 ' K4 j (if H w ^ x W l V i ’^
3 ...(1.76)
Now comparing (1.7!) and (1.76) with (1.13)
>
cc . a
1  f
Uj)
2J» + 1
X
2J. + 1 L l
(I)2
for K. or K* 4 0
1 X
...(U.77)
i
^ Uj) = 2s
_ 1
«c, a
1  f
2Jr + 1
2J. + 1 
- l
if < W l ¥ i )c]n
for K. or K- ® 0  
i f
...(U.T8)
k*b SU3 Coupling Scheme
The intermediate coupling version of the shell model has been very 
successful in explaining the ragularities in nuclear spectra in the lp 
shell for nuclei with U < A < 1 6 . It seems natural, therefore, to extend
possible states for all such configurations becomes so large that similar 
intermediate coupling calculations become prohibitively laborious * On 
the other hand, the need for this large admixture of states suggests that 
the possibility of some other coupling scheme should be considered.
Elliott, in fact, used the SU3 representation to calculate the nuclear
/ /*p \
properties in the’first half of 2 s-ld shell and found it quite successful.
The SU 3 wave functions in the JM-scheme are written as
¥(TS[f] (Xy)K KJM), where | V |  is Young8s supermultiplet quantum number,
(Xy) are the 8 U 3 quantum numbers, and K corresponds to the projection of 
J on the symmetry axis in the rotational model. Abbreviating all
Jt
quantum numbers except JT by «, the parentage coefficient - (£j)
this treatment to nuclei above 1 6 0 . In this case, however, the nucleons 
outside the closed 160 shell may lie in either the Id or 2s orbits. One
has, therefore, to consider the admixtures of such configurations as
dn , d^^s, &n~^s2, dn~^s3, and . Beyond 20ltfe the number of
i f
is defined as
i f
(fc.T9)
The coefficient A( |})can be obtained from the woi-k of Elliott and 
Wilsdoni^^
CHAPTER 5. Analysis of the (pr2p) reaction in lp shell Nuclei
5.1 Introduction
A reasonable body of experimental data on the (p,2p) reaction in
light nuclei nov exists for incident energies in the range 155 - 1^5 MeV
and at Aj-60 MeV* As remarked earlier these data have not previously been
analysed in terms of spectroscopic factors, although the analysis by
Berggren^^ Dietrich^^ and Balashov et al^^ are essentially spectroscopic
investigations. Prom the nuclear structure point of view the nuclei in
the Ip shell have been investigated in considerable detail in terms of
various models such as the shell model, the Nilsson model, the cluster
model, etc. With a weak residual interaction the shell model is very
successful in explaining various regularities in the spectra of these
(ejl)
nuclei. Recently Cohen and Kurath,' in search of an effective
interaction for the lp shell, have calculated the energy spectra of these
nuclei in terns of the matrix elements of the two body interaction.
The spectroscopic factors calculated on the basis of the fractional
parentage coefficients arising from their work have been shown to give
• (53)quite good agreement with the (p,d) reaction on Ip shell nuclei.
The energy resolution in experiments on the (p,?.p) reaction has in 
general been such that each peak in the summed energy spectra and the 
corresponding angular distributions may contain contributions from 
transitions to several final states of the residual nucleus. For this 
reason, detailed comparison of theoretical and experimental spectroscopic 
factors is premature. We have, therefore, calculated the absolute value 
of cross-sections corresponding to the knock-out of a lp proton and 
leading to a definite final state using the spectroscopic factors 
calculated in the general scheme, i.e.
Table 1
Initial
6Li(l,0)
7Li(3/2,
9Se(^>,
10B(3,0)
12C(0,0)
llfH(l,0)
16o(o,o)
Theoretical Spectroscopic Factors
nucleus Final nucleus
h ) (Jf> V
s
LS-coupled „ _ ^ General
Basis stores
5He(3/2, V2) 1.U16 i.sio
sHe(Va, ]%) 0.580 O.69O
Ld>) 6IIe(0,l) O.85T 0.888
6He(2,1) O.667 0.600
!$■) 8Li(2,l) 1.366 1.500
8Li(l,l) 0.167 0.605
8Li(3,l) 0.306 0.525
9Be(3/2, l/2 ) 1.100 1.200
9Be(^2> 1.077 0.906
>) 10Be(0,l) 0.600 0.6UU
10Be(2,l) - 1.708
10Be(2,l) - 0.812
llB(%, \ )  U.638 5.696
n B(V2, V2) 1.520 1.50U
i3c(v2, y2) i*6^  1.390
'15N(Vof l/2 ) If-.000 If.000
scheme
2BME
2BME
2BME
2BME
2BMS
2EME
2BME
POT
POT
POT
POT
POT
POT
POT
POT
2BMS
theoretical values for the spectroscopic factors are given in table 1.
The notations 2BME and POT used in the table indicate •which of the two 
approximations used by Cohen-Kurath, general two-body ms.trix elements or 
potentials in the LS representation, has been used to calculate the 
spectroscopic factors. For comparison we have also listed, the 
spectroscopic factors obtained from the work of Boyarkina who used 
LS-coupled basis states As we shall see in the following text, 
spectroscopic factors of Cohen and Kurath in general give quite good 
agreement with the experimental data, where the data allow us to draw 
definite conclusions. Where the magnitude agreement is not good we 
have renormalized the theoretical curve in order to obtain the 
experimental spectroscopic factor. For the knock-out of Is proton we 
have determined only the- experimental spectroscopic factor.
The parameters of Saxon-Woods potential used to generate the bound
state wave function are taken from two analyses of elastic electron
scattering and are given in table 2. Both of these analyses fit elastic
(33)electron scattering and the mean separation energies; Elton and Swift
used a plane wave analysis of the elastic monopole scattering,-while
(39) . • •Towner used Born approximation but considered nuclei for which
elastic quadrupole scattering was important. We have also used the
(67) .parameters of Wilkinson and Mafethe who fit only the separation 
energies. We have adjusted the depths of the potentials found by these 
authors to give the exact separation energy for each particular final 
state so that our wave functions have the correct asymptotic behaviour.
The parameters for the optical potentials for the incoming protons 
are taken from analyses of elastic proton scattering, and are listed in 
table rp^ e lnfomation on the parameters of the optical potential
in the energy region appropriate to the outgoing protons is very sparse, 
and an extensive analysis has been carried out only for (Q,71s?2)
We have therefore extrapolated for all other nuclei in the lp shell. The 
narameters used are given in table h . __________ _________________________
- h i m  ------------------- 1M   i_ -
Table 2
Parameters for the bound state potentials
Nucleus State
Depth V 
(MeV)
Radius
parameter
r (fm)0
Diffuseness
a(fa)
Spin-
orbit
parameter
X
Separation
energy
E (MeV) s
Eef.
6Li ip 49.04 1.48 0.65 30 k.665 (33)
lp 54.00 1.48 0.65 21.395 (33)
7Li lp 39.68 1.90 O.65 30 10.006 (67)
Is 44.78 1*90 O.65 25.50 (67)
9Be lp 82.20 1.20 1.26 30 16.885 (39)
lp 44.76 1.90 O.65 30 16.885 (67)
Is 45.03 1.90 0.65 28.70 (67)
10B ip
oCO•O; 1.4? O.65 30 6.585 (67)
ip 54,42 1.25 0.49 30 11.237 (39)
12C lp 59.01 1.31'■0 0.65 30 15.95c (33)
Is 63.22 1.31 0.65 3!*. 00 (33)
ip 58.80 1.20 O.65 30 7.5^6 (67)
160 lp 51.66 1.41 0.65 30 12.113 (33)
The parameters and separation energies are given for the transition to the 
ground state of the residual nucleus; for transitions to excited states 
only the depth V is changed.
Table 3
Optical potential parameters for the incoming protons
Nucleus "lab
(MeV)
u0
(MeV)
W0
(MeV)
r0
(fm)
a
(fra)
r*0
(fm)
a'
(fm)
rc
(fm)
Ref.
6Li 185 ■10.3 7-90 1.25** 0.h6h 1.25** 0.**00 1.90 (68)
7Li 185 10.3 7.90 1.25** 0. h6h 1.25** 0.1*00 1.90 (68)
7Li 155 10.3 7.90 1.25** 0.1*61+ 1.25** 0.1*00 1.90
9Be 185 0.9 9.70 1.121 0.572 1.683 0.14*8 1.89 (68)
10B I85 9.0 11.70 1.121 0.572 1.683 0.4*8 1.89
n B 185 16.0 10.00 1.000 0.500 1.000 0.500 >,1.26
12C 185 16.0 10.00 1.000 0.500 1.000 0,500 1.26 (69)
160 18.T 10 * 1*2 1.130 0.720 1.130 0.850 1.33 (70)
k60 0.0 21.90 1.000 0.500 1.3**0 0.500 1.26
160 " k60 0.0 21.50 1.000 0.500 1.3**0 0.500 1.26
Table 1*
Optical potential parameters for the outgoing protons
Nucleus U0
(MeV)
¥
0
(MeV)
oc 3
r = r* 0 0
(fa)
a « a' 
(fm)
6Li 23.90 2.68 0.098 0.053 1.20 0.91
7Li 27.90 3.13 O.lll* 0.062 1.20 0.91
9Be **0.00 1*,2Q 0.11*0 0.080 1.20 0.91
ioB 36.6** **.08 0.166 0.078 1.20 0.91
llB 1*8.00 5.36 0.196 0.106 1.20 0.91
12C 1*8.00 5.36 0.196 0.106 1.20 0.91
12.00 10.80 0.0 0.0 1.00 0.50
16q 12.00 10.80 0.0 . 0.0 1.00 0.50
SO
•P
•P+»
•H
CO
r-f
5.2 Results for individual nuclei 
The 6Li nucleus
For this nucleus we have studied the experimental data of Tibell 
(73)
et al for an incident energy of 185 MeV and, as in all previous 
analyses of these data, we fit neither the share nor the magnitude of the 
angular distribution.
The wave function of Elton and Swift, the parameters of which are 
given in table 2, leads to the angular distribution shown in 
fig. ll(dashed curve). By assuming that the reaction goes entirely to 
the ground state of 5He and normalising the curve to the left-hand 
maximum in the data, we find an experimental spectroscopic factor of 5*^* 
The full line curve in fig. 11 is obtained by increasing the parameter r^ 
in the potential generating the bound state wave function from 1.U8 fm 
to 1.90 fm. This yields a slight improvement in shape and magnitude,
(7h) .as was observed by Johansson and Sakamoto using a different bound 
state potential•
The overall energy resolution for these data is 3.2 MeV. The nucleus
5He has a broad VJ excited state at 2.6 MeV above the ground state with a
width of about b MeV. It is therefore highly probable that the
transitions to this state contribute to the measured cross-section, and it
may be noted that the peal: in the summed energy spectrum, although quite
sharp, is distinctly unsyxametric. In fig. 12, we plot the summed cross-
section for transitions to the ground state and the state of “He
using the fractional parentage coefficients of Cohen and ICurath and the
bound state nanometer r -1.9 ftei. It is still necessary to multiplyo
the cross-section by a factor of 2.b to obtain magnitude agreement with the 
data. In fig* 12 we have also plotted the summed cross-section using, the
“CD
O O
L.
C0&
T?
•O >
JO
Fig* 12* The summed cross-section for lp knock-out from ^Li to the ground and 
first excited state in ^He* The full line curve corresponds to the bound state
wave function in Saxon-Woods well while tho dashed lin° CUPV® corrosPonds to 
that due. to Berggren*

bound state ■wave function suggested by Berggren^**; and the c.f.p. of 
Cohen and Kurath (dashed curve). As ve see from fig. 3-3 the fit is 
quite good in magnitude as veil as in shape, but the bound state vave 
function has an exceptionally large radius (<r2> ~ 20 fm2), which
(76)unfortunately does not give a fit to the electron scattering data.
The angular distribution for knock-out of a Is proton is shown in 
fig. 13 and yields an experimental spectroscopic factor of 2.8.
The 7Li nucleus.
(77)For this nucleus ve have studied the data of Roynette et al at
155 MeV. In this experiment the energy resolution was less than 1 MeV,
and the summed energy spectrum shoved two peaks corresponding to
separation energies of 10.0 MeV and 11.8 MeV. We have identified these
peaks with the excitation of the 0* ground state of %'e and the 2+ state
at 1.71 MeV. The angular distributions for these two states are shown
in figs. Ik .and 15. The shape fit to the data is s. great deal better
than for 6Li, but again the theoretical predictions are too small and
the theoretical results have been multiplied by a factor of 2.3 in fig. 1*4
and 2.1 in fig. 15. As suggested by the analysis of 5Li9 the theoretical
and experimental results on 7Li may also be brought to agree by increasing
the r.m.s. radius of the bound state vave function. In fact, it is
known that a large r.m.s. radius for the lp vave function is necessary to
7 .(78)
fit the quadrupole moment of 'Li.
The angular distribution for the knock-out of a Is proton is shown 
in fig. 16 and yields an experimental spectroscopic factor of 1.1*0.
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The 9Be nucleus
(73)For this nucleus we have studied the data, of Tibell et al at 
185 MeV, The residual nucleus is ®Li which has a 2' ground state,
“I* *|*
1 first excited state at 0.975 MeV and a 3 . second excited state at 
2.26 MeV, all of which can he reached " b y  the knock-out of a Ip proton 
from the ground state of 9Be. The separation energies for these states 
are 16.89 MeV, 17,86 MeV and 19.15 MeV, respectively. Experimentally 
these states are not resolved, and the angular distribution is measured 
at a mean separation energy of 18.6 MeV. We are therefore unable to 
say what proportion of the cross-section to each final state contributes 
to the measured cross-section.
There are also large uncertainties in the choice of parameters for 
the calculation. The analyses of elastic proton scattering from sBe 
at 182 M e V ^ ^  lead to parameters for the optical potential which are 
quite different from those for neighbouring nuclei, therefore our 
extrapolated parameters in table h may be considerably in error.
Similarly, the bound state parameters obtained by Towner are very different 
from those for neighbouring nuclei, and his diffuseness parameter is 
surprisingly large. In fig. 17s we plot the summed cross-section obtained 
with Towner*s parameters(full line). The parameters of Wilkinson and 
Mafethe have also been used (see table 2), and the dashed curve in 
fig. 17 shows the corresponding summed cross-section divided by two.
Clearly, neither the shape nor the magnitude agreement is satisfactory, 
and we are not able to draw any conclusion from these data.
The angular distribution for knock-out of a Is proton is shown in 
fig. 18 and yields an experimental spectroscopic factor of 0.79.
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The 1°B nucleus
For this nucleus we have again studied the data of Tibell et al at 
(75)
185 MeV. The residual nucleus is 9Be which has a ground state and 
a ^2”" second excited stated at 2.^ -3 MeV (ref. 79) both of which can be 
reached by the knock-out of a Ip proton, and the separation energies are 
6.59 MeV and 9*02 MeV, respectively. Such states were not resolved in 
the experiment, and the angular distribution was measured at a mean 
separation energy of 8.3 MeV; as before we are unable to say what 
proportion of the transition to each final, state contributes to the measure 
cross-section. In fig. 19, we have plotted the separate cross-sections 
for transitions to these two states, while in fig. 20 we have plotted the 
summed cross-section (full line) and the summed cross-section divided by 
two (dashed line). The agreement for the latter curve supports the 
conclusion of Tibell et al that the contribution from each transition was 
approximately 50$. The shape agreement is very satisfactory and is much 
better than that obtained in the analysis of data at 155 MeV.
A further peak was observed at a separation energy of 17*5 MeV which
has been interpreted as a transition to the ^  state in 9Be. The
angular distribution is shown in fig. 21. The theoretical curve has
been calculated assuming pure Tdq knock-out and yields an experimental
- ~  -  v 2
spectroscopic factor of 1.86.
4* . . .
The first excited state has positive parity and cannot be
reached by Ip knock-out.
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The nucleus
For this nucleus we have again studied the data of Tibell et al 
(T3)at 185 MeV. In this case, three peaks are seen with I ^ 0, and these 
have heen interpreted corresponding to transitions to the 0* ground
state of 10Be, the 2+ state at 3.37 MeV and the 2* state at 9.^ MeV.
In view of the uncertainty in the assignment of these final states, we 
have fitted the theoretical curves to the data to obtain the 
experimental spectroscopic factors which are Of68, 1.50 and I.85, 
respectively. It can he seen from figs. 22 - 2h that the shape agreement 
with the data is very satisfactory. Comparison with theoretical spectroscopic 
factors given in table 2 shews that there is very good agreement for the 
first two states. In the case of the second 2 state, there is a number 
of states in the vicinity, the excitation of which may enhance the 
experimental cross-section.
The 12C nucleus
For this nucleus we have studied the data recently obtained by
(8l)Gottschalk et al at 160 MeV. ' In fig. 25, we plot the summed cross-section 
for the transitions to the fyT ground state of and the V2 first 
excited state at 2.13 MeV. It can be seen from the figure that, apart 
from the low magnitude at the second peak the agreement in the positions of 
maxima and minimum and in the magnitude is very good. The exact 
reproduction of the shape of the angular distribution clearly confirms 
the reliability of the single particle wave function. The data on 12C 
at the incident energy of h6o MeV can also be fitted with the same 
spectroscopic factor end bound state wave function (see chapter 7).
The angular distribution for the knock-out of Is protons is shown in 
fig. 26 and yields an experimental spectroscopic factor of 2.6i*.
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The and 150 nuclei
For these nuclei we have studied the data of Tyren et al at 
(82)U60 MeV* Unfortunately9 the optical potential parameters are not
available at the energies appropriate to the incoming and outgoing protons
even for 12C. However, an optical model analysis of elastic scattering
of protons on and iO0 has heen reported at 1 GeVi Also, optical
(71}
model parameters for 12C are available at 180 MeV and 310 MeV. From 
this available information we have estimated the parameters for 12C at the 
k60 MeV and at the energy appropriate to the outgoing protons. Since the 
spectroscopic factors of Cohen and Kurath give quite good fit for 12C data 
at 160 MeV, we have adjusted r^ parameters for the outgoing protons till 
the computed cross-section at the left hand peak agreed with the corres­
ponding experimental value. These parameters are then used to predict 
the differential cross-section for *^ 3? and 160 at k60 MeV. The 
separation energies for the transitions to the ground state of *3C from 
llfH and to the ground state of 15IT from 1&0 are 7*5^6 MeV and 12.113 MeV, 
respectively. In the summed energy spectra of these nuclei peaks are 
observed corresponding to these energies. In fig. 27 and fig. 28 we 
have plotted the angular distribution for these transitions for ltfIi and 160 
respectively using the spectroscopic factors of Cohen and Kurath. Apart 
from an underestimate of the cross-section at the left-hand peak the fit 
is quite reasonable.
5.3 Comment on the shape of the angular distribution
It will be noted that in all cases we predict that, in the angular 
distribution for knock-out of a Ip proton with the incident proton in the 
energy range 155 - 185 MeV, the right-hand maximum is smaller in 
magnitude than the left-hand maximum. In some cases (6Li, 10B and n B),
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the ratio of the maxima is roughly in agreement with the experimental data, 
while in other cases (®Li, 9Be and *2C), the theoretical magnitude for the 
right maximum is much too low. The calculation for 9Be is altogether 
uncertain, hut we have investigated this matter further for 12C.
In fig* 29, we plot the function |g . (0)j2 (full line) and the
xiz.j
corresponding cross-section for *2C; both are calculated for plane waves.
As expected the ratio of the maxima is unity for the former curve, while 
the ratio is about 1,6 for the latter. In fig, 30, we plot |g 0.(6)|2 
for plane waves (full line) and for distorted waves (dashed line), from 
which it appears that the distortion alone changes the ratio of the 
maxima by a factor of 2.5* In the expression we have used for the cross- 
section (equation 2.50), these two effects are multiplied, and therefore 
give a ratio of the maxima of about k as shown in fig. 25* How, the
factorization of the matrix element into the function f „. (6) and thenx-,.1
matrix element of the two nucleon interaction is exact only in plane wave 
approximation and is achieved in distorted wove approximation as a result 
of the assumption that the two nucleon interaction is short range 
(ref, section 2,2), In fort, the distortion introduces local momenta which 
are different from the asymptotic momenta and hence effects the two- 
nucleon interaction; this intimate connection between the distortion and 
the two nucleon interaction can only be taken into account accurately in a 
finite-range calculation. Our estimate of the finite rouge effect 
(section 3.5) seems to suggest that it is not enough to account for the 
discrepancy. Another explanation of the magnitude of ratio of cross- 
sections at two maxima seems to lie in the treatment of the distortion 
for the outgoing protons. In the di-proton formalism the optical 
potential for the di-proton is defined as
UB(r, Eec) - 2 Up(r, g c) ... (2.34)
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where both and E ^  decrease with the scattering angle. But, an we
see in fig. 31» the variation of £pn with the scattering angle is much.dO
faster than the corresponding variation of E . Consequently, U~ P
remains more or less constant over the range of scattering angles, and 
therefore equation (2.3*+) tends to overestimate the distortion (absorption) 
for the outgoing protons at larger scattering angles. Due to the 
decreasing importance of distortion with energy this discrepancy should 
disappear at higher energies. The calculated results on 11+! and 160 at 
b6o MeV seem to verify this explanation. The ratio of the two maxima, 
in these cases, are approximately the same.
Incidently, in fig. 30, to demonstrate the importance of the Coulomb 
distortion we have also plotted |gy , (0) j2 with Coulomb distortion only 
(cross-dashed curve).
Most probable proton momentum
In impulse approximation the momentum of the struck proton is given
by
p s ~ Q " - (t> - a — q i) •—  —  *-G -“O
We have obtained an estimate of the most probable value of III for 
p-state protons by taking the modulus of the difference between the value 
of Q corresponding to the left-hand maximum of each theoretical angular 
distribution and the value of jQ corresponding to the minimum. This 
procedure of taking the difference allows for the effect of distortion 
in shifting the angular distribution compared with the plane wave 
calculations (see fig. 30). The results are given in table 5 and are 
compared with values obtained directly from the experimental data at 
155 MeV( Our result for 6Li is omitted from the table since we have
mO
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Fig* Variation of jf and * with the scattering angle.
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Table 5
Most probable momenta for p-state protons
Tafcget
nucleus
Separation
energy
Most probable 
(Me’
momentum
7/C)
theoretical 
(this work)
■ * J 8 k )experimental
7Li 10.006 100.60
71.03
11.716 100.60
9Be 16.885 10Jt.50
10b 6.585 90.76 80.90
17.500 102.60 -
U B 11.237 90.76
1U.600 108.50 90.76
20.900 12U.30
15.958 90.76 9 b . n
l*+j\j 7.5^6 9h. 00
160 , 12.113 10^.00
not obtained a shape fit to the data to this nucleus. In view of the 
errors involved, the two sets of results are reasonably consistant and 
indicate a fairly constant value in the lp-shell. It must be 
remembered, however, that for a given target nucleus we have adjusted 
the depths of the bound state potential to give the correct separation 
energies for the excitation of different states in the residual nucleus 
in order that the resulting wave function should have at least the same 
asymptotic behaviour as the overlap integral which it approximates. It 
is, therefore, not surprising that there is some indication in 103 and 
1XB that the most probable momentum increases as the excitation energy 
of the residual nucleus increases.
5*5 Conclusions
In the few cases where the final states of the residual nucleus 
have been resolved and the parameters of the calculation are reasonably 
well-known, we have been able to extract nuclear structure information 
from the (p,2p) reaction and to test this against the theoretical 
predictions. In most cases, however, this intention has been defeated 
by inadequate knowledge of the optical potentials and by the experimental 
difficulties of obtaining good energy resolution in the energy region 
under discussion. We have also achieved reasonable magnitude agreement 
with the data through the lp shell, which is a definite improvement on 
previous analysis and indicates the importance- of a correct discr5.ption 
of the transitions in terms of spectroscopic factors. However, the 
agreement between theory and experiment for 5Li, 7hi and 9Be is not 
satisfactory and indicates that more work is needed to develop a 
consistant set of wave functions for lp shell nuclei.
CHAPTER 6. Analysis of the (p,2p) Reaction 011 the
Nuclei 2 8 Si , 2tfMg and 23Ha
6.1 Introduction
( 85 ) 'Recently Arditi et al at Orsay have investigated the (p,2p)
reaction on 2s-l& shell nuclei. The beam energy in their experiment is
156 MeV and the resolution is 0.7$# In view of the success achieved in
the analysis of Ip shell nuclei, in this chapter we analyse the Orsay data
(86)
on the 28Si, 21+.% and 23Ha nuclei. Already Zelenskaya and Smirnov
have analysed the energy spectrum for several nuclei in the 2s-ld shell.
(87)ICu&o and Suekane have also reported a plane wave analysis of the
27Al(p,2p) reaction. From the spectroscopic point of view there is an
increasing amount of experimental data for nuclei in the middle of 2s-ld
shell which is difficult to interpret on the basis of single particle
(88)states in a spherically symmetric potential. ' 1 In addition, there is 
evidence relating to the level schemes and excitation by inelastic
. (89)scattering ' which suggests that these nuclei are well described by 
rotational model. Also, it is known that Elliott’s SU3 classification
(65 66)describes these nuclei fairly well. 5 Therefore, m  the following 
analysis we have compared the experimental spectroscopic factors with 
those predicted "by SU3 and the collective model coupling schemes.
We have divided this chapter into four sections. In section two we 
have calculated the theoretical spectroscopic factors end in section 
three these are compared with the experimental spectroscopic factors 
obtained by fitting the angular distributions for the (p,2p) reaction.
6*2 The Theoretical Spectroscopic Pactors 
6.2*1 The SU3 scheme
(66)The SU3 wave functions m  the JM-scheme are written as 
¥(TS[fJ (X]i)K^  E J M), where the various quantum numbers appearing here areO
explained in chapter k* Following the work of Elliott and ¥ilsdcn^°^ in 
table 6, we give the lowest OU3 representations for the states of interest 
of some of the nuclei and the corresponding spectroscopic factors. The 
application of the SU3 scheme to 28Si by Bernier and H ar v e y su g ge s t s  
that this scheme in its pure form is not applicable to this nucleus.
Table 6
The-lowest SU3 representations for states of the nuclei 
and the corresponding spectroscopic factors
Initial Nucleus Final Nucleus
Spectroscopic
factor
sU)
Nucleus
(JST)
[f] Uu)
T/*IE Nucleus
. ( jE t)______________
H (Xv) K 1 ^ 0 i ~ 2
23Ha(?st b) m (83) % 22He(otl) M (62) 0 0 0.11
22He(2tl) M (82) 0 0.01 1.00
2Hfe(0t0) (80 0 23I!a(3/2t V2) (83) 0 0.1*5
23lfe(5/2+,V2) 0*3] (83) h 0 2.18
6.2*2 Collective Model
24Mg(p92p)23Na-
It has been known for sometime that 2I+Mg exhibits the 0 , 2 , ^
sequence and also approximately the correct energy spacing given by the 
(^ 1 )rotational model.J The small discrepancy can be associated with the
vibration-rotation interaction term. We, therefore, assume the 0+(g.s.)
of 21*Mg is the first member of K = 0 band. For this nucleus Nilsson*s
levels 6 and 7 are filled. By ejecting a proton from level 7 (& * 5^ )
in 2lfMg, 23Ha may be left in the 3/£+, ... states. Levels with these
spins could also be produced, by ejecting a proton from Nilsson’s level 6,
i.e. Q * 1/2* or by promoting a particle from level 7 to either
(ref. fig. 32) level 9 or 5(^2) type of mixings have in fact been
(°3 9^ 95)tried by many peoplei" * * Typical of all these calculations,
. (9^) . (95)calculations of GISeke and Kelson and Levinson generate model wave
functions for the lowest lying % * *  , 7/z* states of 23ha which are
characterized by predominant K « 3^  band amplitudes of approximately
+0.989+0.85, and +0.80, respectively. Also, due to the uncertainties
in the values associated with the relevant model parameters, these
calculations conclude that meaningful subdivision of the total contaminant
amplitude with fractions associated with the other three bands
(viz. K - i, i, 5>£) cannot be presently carried out. In view of these
conclusions, we assume that the ground state 3/>+ and the first excited
state 5^* of 23l'Ia are the uncontaminated members of the K = ^  rotational
band based upon a hole in Ililsson orbit 7« From consideration of the
(96)coulomb excitation cross-section and the ground state quadrupole 
moment ^ ^  ^ 2 % a  appears to have a prolate deformation parameter 3 of
0.3 to 0.J+. From parity and angular momentum conservation for the 
transitions to the 3/2+ and % + states in 23Na the single particle quantum 
numbers are £ = 2, j = \  and £ » 2, j = \  respectively. Therefore
OBLATE PROLATE
7/2
5/2
3/2
3/2
3/2'
5/2
3/2
NILSSON ORBIT No.
f S
Fig. 32. Energy levels of the Nilsson model (Ref0 60) as a function 
of the deformation parameter .for the spin-orbit coupling 
parameter 0.10 . The integers adjacent to the levels indicate 
the associated Nilsson orbit number.
t.s. - C2 x q* (% h  h  - h  I oo)cf ,n = 2*C. 3,■s. <- -» ±
t .  " &  * 6]a (% h  % -  hi 00)Ctj0 = 2 * 0 ^
The values of Cj's can he taken from the work of Litherland et al •„ for 
the value of 3 quoted above they are
1 i
C. 3y ~(0.l)5 and C. 5 * (0.9)
Therefore
^  « -(0.2 )^  and &  * +(l.8)ag.s. ex.s.
Since T. 48 0 and T_ » %  i f *
S * 0.1+ and S * 3.6g.s. ex.s.
The summed spectroscopic factor9 therefore9 is
S = S + S * 1+.0g.s. ex.s.
2 % a  (p j 2p)2 ^lle
As we discussed earlier9 to a first approximation the g.s. of 23Na 
is the first member of K = 5^  rotational band based on a hole in Nilsson
level 7. Assuming a proton knocked out from level 7* Ne has four
nucleons in level 6 and two in level 7* The 0 and the 2 first excited
states of 22Ne are therefore the first two members of the bend with K « 0. 
As we have seen earlier* the deformation parameter 3 in this region is 
from 0.3 to 0.1+. The values of the C, coefficients from the irork of 
Litherland et are
i i • ■
C. 3, = -(O.l)5 and C._c, = +(0.9)
i = \
From parity and angular momentum conservation for the transition to the 
ground state of 22IIe the single particle quantum numbers arei ~ 2, j ~ ^ . 
This gives
*  [ ? a ] ^ o  *2 0 2^ I b  -  - ( 1/20) i
Hence
S „  B ■  0.075g.s.
For the excited state of 2%e, the possible values of j are h.  h .  
but for the Nilsson configuration we have chosen C. i, ~ 09 therefore
the only relevant quantum, numbers are I = 2, and j ~ ^  9 ^  9 and we hav;
4 - - - 1 ' ■ ' */i
ex.s.(3^ ) " &  * 5AF  (2 h  o 3/2 | 3/2 3/2)C.,=3/2 - -(ho)
Hence
4 c  ( 3/ 2 )  B  0.075ex.s. *
i
ex.s. ( 5/ 2 )  =  (2 X  5A ] s(2 § i  0 H  I b  h ) c ^  =  ( 0 . 770)
and
S  ( % > )  -  1.150
ex.s. /l
S  «  C  ( % > )  +  S  B ( 5/ 2 )  -  1.225ex.s. ex.s. ex.s. *
Therefore the summed spectroscopic factor for the final states in
6.3 Results of Distorted Wave Calculation and Discussion 
28Si(p,2p)27A£
Experimentally two peaks have been observed in the energy spectrum fo
this reaction, one around 11.6 MeV and another around 15.6 MeV. From the
energy/ level scheme (fig. 33) 27A£ has a ground state, a first
excited state at 0.8U2 MeV, and a second excited state at 1.013 MeV.
The separation energies for these three states are 11.600 MeV, 12.}442 MeV,
and 12.613 MeV respectively. As the transitions to all these states are
possible we assume that the observed peak at 11.6 MeV includes the
contributions from all the three states. Since the ground state of 28Si
is 0+, the angular momentum transfer for the 3^', aftd ^  ‘ are
j ® £ =« 2, j « V2» £ - 0  and j ~ % 9 £ =* 2 respectively. For the
distortion of the incoming protons we have used the optica,! potential
arising from the analysis of proton elastic scattering at 183 MeV on 
07 (08) .*■'Al by Hodgson." For the distortion of the outgoing protons we have
estimated the optical potential from those available at 5)0 MeV and 
, (7 o)
40 MeV. The parameters of Saxon-Woo&s potential for generating the
single particle radial wave function have been taken from the elastic
(33)electron scattering analysis by Elton and Swift. This analysis gives
r = 1.32 fm, and a * 0.55 fta* We know that the cross-section foro '
£ » 0 has its maximum value for the recoil momentum |oJ « 0 while that
(99)for £ ~ 2 has its minimum value for this recoil momentum. Therefore, 
the angular distribution for £ ~ 0 peaks at the valley of £ ~ 2 
distribution, while that for £ *= 2 peaks at a comparatively very small 
value of £ - 0.cross-section. Also, since the difference in the 
separation energies for the transitions to 2^ an(i 2^ states of 27A& 
is 1.013 MeV only, they will have nearly the same angular distribution. 
Guided by these facts we have used the following prescription to 
separate the £ = 0 and £ ~ 2 contributions in the experimental data.
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The computed cross-section for £ ~ 0 at U0.5° (|oJ 0) is normalized to 
the measured value of 60 yb at this angle. The spectroscopic factor 
corresponding to this normalisation is 0.506. The experimental cross- 
section for £ ~ 2 at 28° (the position of the left peak in the computed 
angular distribution for £ - 2) is estimated by subtracting the £ - 0 
contribution (normalised with a spectroscopic factor of 0 .506) at this 
angle from the measured value. The spectroscopic factor for £ s 2 
obtained by normalising the computed cross-section at 28° to this estimated 
Measured” value is 0.5&0. This spectroscopic factor is the summed 
spectroscopic factor for the transitions to and states of 27A£.
Nov assuming that the cross-section for £ « 2 at other angles is fairly 
well given with the normalisation at 28° 9 ire estimated the experimental 
angular distribution for £ = 0 by subtracting the £ « 2 distribution 
(obtained with a spectroscopic factor of O.560) from the experimental, 
one. Fig* (3*0 shows the fit of the £ - 0 distribution to the ’'measured” 
one. In fig. (35) we have shown the fit of the summed cross-section 
for £ =5 0 and £ = 2 to the experimental cross-sect ion. Bearing in mind 
that the di-proton model underestimates the cross-section in the region 
of right hand peak (ref. section 5.3), the agreement in the shape is 
fairly good.
Wildenthal and Glaudemans\^ and Swenson et have analysed
( T QO 1
the (3He, «) reaction on 28Si. Jones et al fc' have analysed the 
(p,d) reaction on 28Si. The single particle wave function in their 
work has been generated in a Saxon—Woods well with r = 1.20 fm and
a * O.65 fm. In table 7 we compare the spectroscopic factors arising
from their work with those of ours.
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Comparison of experimental spectroscopic factors for 28Si
28Si(p,2p)27A£ 288i(3IIe,«)27A£ 28Si(p,d)27A£
this work 9 * *
ref. 100 ref. 102
r s li39 ffe r K 1*20 fa o o
2 0.^6 0.92 IwO + 1.0 U.28 + 0.7^
0 0*50 0*U? 1*10 1.60
As we see from the table, while the spectroscopic factors from (3He,«*)
and (p,d) reactions agree among themselves, they seem to disagree with 
those from (p,2p) reaction. In order to make sure that this discrepancy 
between the predictions of (p,2p) reaction and other pick up reactions is
not due to uncertainties in the distorting potential or hound state wave
function, we have computed the cross-section for two sets of optical potential
and two values of r for hound state. In fig. (36) two curves correspond
(08)to the cross-section for the optical potential, obtained by Hodgson
(full line curve) and Batchler and Haybron^^ (dashed line curve) by
elastic proton scattering analysis on 27A£ at 183 MeV. The difference
between two curves is negligible. In fig* (37) we have plotted the
cross-section for r - 1.39 fta and r ~ 1.20 fra with Hodgson’s -potential.o o
The difference for & - 0 is inappreciable while that for Jt « 2 is suite
appreciable. This demonstrates the sensitivity of the spectroscopic
factor for the £ - 2 transition to the bound state wave function. In
table 7 we have also listed the srsectrcscopic factor for r ~ 1.20 fm.o
oo
to
V>
CO
LO
O
CO
CO
CO
CO
(N
o OO
ac
cn
cs)
-a
CD
<
_i
CD
O
IT)
bm
T J
O
CO
o
LU —  
TJ CJ
cT ~
TJ r-t
c
T J
Fi
g,
 
36
, 
Th
e 
an
gu
la
r 
di
st
ri
bu
ti
on
s 
fo
r 
2s
 
kn
oc
k-
ou
t 
fr
om
 
Si
, 
Th
e 
fu
ll
 
li
ne
 
cu
rv
e 
co
rr
es
po
nd
s 
to
 
H
o
d
g
s
o
n
fs 
pa
ra
me
te
rs
 
wh
il
e 
th
e 
da
sh
ed
 
cu
rv
e 
to 
th
e 
pa
ra
me
te
rs
 
of
 
Sa
tc
hl
er
 
an
d 
Ha
yb
ro
n,
<y
Q
Fi
go
 
3
7
» 
Co
mp
ar
is
on
 
of
 
th
e 
an
gu
la
r 
di
st
ri
bu
ti
on
s 
fo
r 
tw
o 
bo
un
d 
st
at
e 
pa
ra
me
te
rs
 
fo
r 
S
i
. 
Th
e 
fu
ll
 
li
ne
 
cu
rv
e 
co
rr
es
po
nd
s 
to 
r0
=l
«3
9 
wh
il
e 
th
e 
br
ok
en
 
on
e 
to 
ro
=l
»2
0 
fm
»
In any case the results from the (p,2p), (3He,<*), (d,3He) and
(p,d) reactions serve to establish one point without any doubt that the
28Si has finite strengths of the single particle 2s i. , dc. and do,
'2 y2 2
states in its ground state. The uncertainty lies only in deciding their
. . .  (-U3)magnitudes. From the microscopic point of view MacFarlane and French
have estimated the spectroscopic factor for £5, by describing 28Si
12 .2 2 _*+ b
ground state as a mixture of (£5 ) , (£5 )" (sda, ) , (dr )” (sd3y )
'2 '2 '2 *2 '2
configurations• For S. - 1.9* they put 60% as the upper limit on the
£5/  --------------------12i >2
(0:5^ ) configuration in 28Si ground state. Our experience from the2 8<
previous analysis of Ip shell suggests that if the distorting potentials 
and bound state parameters are known reasonably well, we can extract a 
spectroscopic factor which is fairly reliable. As we mentioned earlier 
these parameters are known for 27Ail from elastic proton and electron 
scattering, and we conclude that if the various peaks in the energy 
spectrum could be resolved, the (p,2p) reaction could decide the strength 
of the above configurations in 28Si ground state.
From the collective model view point, the extraction of the
spectroscopic factor does not seem very promising. Binding energy 
( 10 )^calculations 9 on the basis of rotational model suggest that the 
equiHbrium deformation in 2s-ld shell nuclei changes sign near 28Si.
This expectation has been supported by application of the rotational 
model to 28Si and 31p^^"r»^5) reasonable agreement with
experimental data is achieved with n ~ -2 and -3. In all likelihood 
28Si seems to have oblate deformation. For 27AS, the deformation is 
prolate. Therefore the single particle wave functions in two nuclei 
would not be orthogonal, and consequently the calculation of spectroscopic 
factor would be complicated. Incidentally, the SU3 scheme also breaks 
down for 28Sil'^ The best approach under the circumstances seems to be an 
analysis of the parentage of 28Si in 17kl without specifying explieitely 
. the structure of 28Si. This type of analysis has been attempted by
various authors * in terms of the excited-core model. Contrary to
the conclusions based on the single particle pick-up reactions, in this
model low lying states of 27A9, are produced by coupling only a hole to 
+ +
the 0 g.s. end 2 first excited state of 28Si. Despite this obvious 
defieienty of this model, general predictions/^^ such as
1. the agreement in shape and magnitude of elastic scattering 
from 27A£ and 28Si,
2. the resemblance in shape of inelastic scattering from 27A& 
to its various excited states, and
3. the agreement between the maximum value of the cross-
« o • • + ,
section for inelastic scattering to the 2 excited state 
of 28Si and the summed cross-section at maxima for 
inelastic scattering to the predicted excited states of 
2 7 At,
are verified. This success of the eore-exeitation model at first sight seems 
ineonsistant with the conclusion of pick-up reactions. If we recall that
the contribution of a single particle excitation to the inelastic cross-
section is.much less than that of a collective excitation, then it can be
expected that the cross-section for inelastic scattering from 28Si is
mainly determined by the collective state. Therefore, the above
experimental verifications only show that the 0* and 2+ states of 28Si are
sufficient to describe the low lying states of 27AA. These experimental
results are not sensitive to the particular hole state coupled to the
collective core states. Therefore, combining the findings of inelastic
scattering and (p,2p) and other pick-up reactions, the obvious conclusion
seems to be that the excited core model calculations should.be repeated
with the 0+ and 2* states of 28Si coupled to *s s^l>^ 1
From the experimental view point, an improvement in the resolution of 
(p,2p) reactions is highly desirable. Since the angular distribution for 
£ ~ 2 peaks around or below. 23° (see figs. 36,37)* in order to determine 
the spectroscopic factor for £ =* 2 correctly, the measurements for the 
(p,2p) reaction should be extended to lower angles. ' Also, to establish 
further adequacy of 0* and 2* states of 28Si some reactions connecting 
the ground state of 27A£ to the various excited states of 28Si would also 
be useful.
2I+Mg (p ,2p) 2 3Ha
In the summed energy spectra for this reaction peaks are observed at
11.7 MeV, lk.3 MeV. The residual nucleus 2% a  has a ground state and 
a %  ’ first excited state at 0,kk0 MeV. The level scheme for 23ha is 
shown in fig. (36). The separation energies for these states are 
11.693 MeV and 12.133 MeV respectively. Therefore we assume that the
11.7 MeV peak includes the contribution from both the g.s. (% * )  and
c *4*0.UU0 MeV (v£ ) excited state. The optical potential parameters for the
incoming protons are taken from the analysis of the elastic scattering
of protons on 2ifMg by Willis et ali/*^ Due to the lack of the elastic
proton scattering analysis on these nuclei at the energies appropriate to
the outgoing protons We have used the optical potential parameters for
27A£ for the outgoing protons. Also, no electron scattering analysis
have been reported on these nuclei. Therefore, guided by the available
Saxcn-Woods potential parameters for bound states in 28Si, \fe have used
the radius parameters r ~ 1.39 fta and ** ~ 1.20 fm, and the diffusenesso o
parameter a is fixed at 0.55 fin. _ The fits to the experimental data are 
shown-in figs. (39) and (h O). The spectroscopic factors obtained by 
normalising the computed cross-section to the observed one at 28° are
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compared in table 8 -with those predicted theoretically in section 6.2.
As we see from the figs. (39) and (^O), the agreement between the shape
of the computed and observed angular d5.stribution is fairly good. Also,
we note from the table 8 that the spectroscopic factor (2.63) obtained
with r = 1.39 fm agrees remarkably well with that predicted in the SU3
scheme while the one (8.00) obtained with r = 1.20 fm agrees with thato
predicted by the collective model. Since we do not know r it is
o
difficult to say which model describes the single particle .aspect best
for these nuclei. If yq for 2UMg lie between 1.39 fm and 1,20 fm, the
experimental spectroscopic factor would lie between the above mentioned
two values. Therefore, it seems very probable that if the correct
single particle wave function in 2tfMg are known, by using the exact
configuration for state of 23Na (mixed band) one can fit the shape
and magnitude of this angular distribution. Incidentally, these two
calculations at r = 1.20 fm and r = 1.39 fm again demonstrate the o o
sensitivity of the (p,2p) reaction to the bound state wave function*
Table 8
Comparison of experimental and theoretical spectroscopic 
factors for the (p,2p) reaction on and 23ila
Summed spectroscopic factor for Id knock-out
klucleus
su3
Theoretical
Rotational
model
Experimental
2\Mg 2.63 V.00 2.63 - k.00
23Ha 1.11 1.30 0.68
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The summed energy spectrum for this reaction has low energy peaks at 
9*6 MeV and 13.6 MeV. The residual nucleus 22IIe has a 0+ ground state 
and a 2+ first excited state at 1.277 MeV (fig. ^l). The separation 
energies for these states are 0.795 MeV and 10.072 MeV. Since the 
transitions to both O' and 2 states are &lloved by parity and angular 
momentum conservation, we assume that the 9.6 MeVjpeak includes the 
pontributic-n from both the states. Therefore, we compare the summed 
cross-section for these two states with the observed cross-section. The 
elastic proton scattering around 156 MeV and electron scattering analysis 
on these nuclei do not exist; therefore in calculating the distorted 
waves we have used the parameters available for 27Ail and 2I*Mg. For the
bound state wave function we have used r - 1.20 fa and a = 0.55 fm
o
arbitrarily. The spectroscopic factor obtained bp normalising the left
hand peak of the computed cross-section to the corresponding experimental
peak is 0.675* As we see from fig, (1*2), agreement in the shape of the
two angular distributions is quite satisfactory. Comparing this
spectroscopic factor with the one predicted in section 6.2 (tab3.e 8), we
observe that the experimental spectroscopic f<actor is smaller by about a
factor of 2. As we know from the analysis for other nuclei, e.g. 28Si
this big discrepancy could not be accounted for by the uncertainties in
the optical potentials. Also recalling the"results for the 24Mg nucleus,
the bound state parameter r * 1.20 fm is probably an under estimate of theo
radius of Saxon-Woods potential for this nucleus, and consequently the 
experimental spectroscopic factor may already be overestimated. As we 
remarked in section 6.2 for 2% a  several calculations with bend mixing 
have been done. In every calculation the probability of the Kh = %  
band in the 2% a  ground state is above 90$. Therefore, our 
assumption that 2% a  ground state is a member of a pure K. * \  is not
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very far .from 'being reasonable. But when a proton is ejected from 2% a , 
instead of leaving four particles in Nilsson’s level 6 and two in level 7* 
22!Te could very well be left with a hole in level 6 and three nucleons in 
level 7* This means that we could have another hand with « 2. As*P
we have seen from the theoretical prediction in section 6.2, the main 
contribution to the observed cross-section comes from 1.277 MeV(2"*) 
excited state. This state now would be a mixture of K * 0 -and K ~ 2z p
bands, and the actual value of spectroscopic factor would very much 
depend upon the relative phases of these two bands m  the 2 state of
22He* An energy level calculation with this band mixing has not been
reported so far.
6.54 Conclusions
From these calculations on some selected nuclei in the 2s-ld shell 
we may draw the following conclusionss-
(1) If the bound state wave function and the optical potential 
parameters for the incoming and outgoing protons are known
reasonably well, the (p,2p) reaction can serve an a useful
tool for extracting information about single hole states 
in the nuclei.
(2) The extracted spectroscopic factor is very sensitive to
the bound state wove function. Therefore, in order to 
get fairly reliable spectroscopic factors, the (p,2p)
reaction -and electron scattering analysis should be done
in collaboration.
(3) Since the angular distribution for a > 2 peaks below 
or arcuncl 23° 9 the measurements on (p,2p) reaction 
should be extended to lower angles in order to get 
correct spectroscordc factors for these angular 
momenta.
(k) In nuclei like 28Si where the nuclear structure 
situation does not appear simple, it is important 
that the transitions to various states in residual 
nuclei are resolved so that the experimentally 
extracted spectroscopic factor nay be used as a 
reliable check against the theoretical calculations.
Finally, we observe that the analysis of elastic proton sc ok ter in 
for the 2s-ld shell nuclei is sparse.
CHAPTER 7* Survey of the (p,2p) Reaction in the Energy 
Region l6o MeV to 1 GeV
Most of the existing data on the (p,2p) reaction have been obtained
with incident protons in the energy range 150 - 185 MeV, ~>9 9 ' and
we ha\re shora in chapters 5 and 6 that it is possible to fit these data
using standard distorted wave theory with spectroscopic factors calculated
from suitable nuclear models and with proton single-particle wave functions
derived from analyses of electron scattering. From our analysis of these
data on llfIJ and 160 (ref. chapter 5) we find that the same approach can
(8° )be used to fit the data at ^60 MeV. *" Therefore, in view of the current 
interest in the (p,2p) reaction at higher energxes^1^9"1''^ we have 
extended our calculations to survey the energy region up to 1 GeV. In 
these calculations at H60 MeV and above we have used the di-proton model 
in a relativistic WEB approximation (see section 2,2,2) while at 160 MeV 
we have used the partial wave analysis of the di-proton model.
As we have seen in chapter 2 in DMIA the cross-section for the 
(p,2p) reaction can be written as the product of two factors9 i.e.
d3cr \ r _jaP(0) I B7.(e) ... (7.1)dfi d^dE H
o 1 u
where, for a co-planar symmetric experiment
F(e) - e2°2 + ift&inflLr # -  (e *. 90°) ... (T.2)
(m2o't +"&2c2Q2 )2 a% P  0
The first factor, F(0), contains the kinematic factors and the free
proton-proton cross-section, while the second factor contains the nuclear
structure information and can be reduced essentially to the spectroscopic
factor S U,i) and the distorted momentum distribution a , (ecu. 2.^5)< « « - nx,j
i f
In the plane wave approximation the modulating function is unity
and therefore g . is given by -n P,j
< « < « ■ »  -
r i Q.r
0 *** (7.3)
The distortion of the incoming and outgoing protons has two effects on 
the integral it introduces additional momentum components and it
causes a reduction in the magnitude. In order to illustrate these 
effects we consider the knock-out of a Ip proton from 12C and plot the 
magnitude of the distorted momentum distribution g 0. for incident protonn .-v
energies of 160 MeV, t60 MeV, 600 MeV and 1 GeV. This is done in 
fig. (^3) as a function of recoil momentum Q, The proton single-particle 
wave function is that used for our earlier study of the l60 MeV data 
(chapter 5) and the optical potentials have been interpolated from these
(71 83)available in literature * In fig. (^3) we have also plotted the
magnitude of the Fourier transform of .(r „) (i.e. It can be
n&j ~i iiX'j
seen from the figure that the plane wave result has the expected zero at
zero recoil momentum and the maxima occur at ±108 MeV/e. In contrast,
the distorted momentum distribution |g ,|2 calculated at 160 MeV isrJ6j
seriously affected by the distortion, the maxima and minimum are displaced 
and the minimum is fill ad in. The results for ) g ^ . |2 at the higher 
energies are very similar to each other and to the plane wave calculation, 
and the most important effect of the distortion is a reduction in the 
magnitude. The ratios of the left-hand maxima to the plane wave value 
are, for increasing energy, 0.53, 0.3H, 0.28 and 0.17. We attribute
the very large reduction at 1 GeV to the large magnitude of the imaginary 
part of the potential at this energy. If we examine the fig. (^3) very 
closely we observe that the minimum in I2 for koO MeV and higher
energies, although occuring very near to zero recoil momentum, do not 
occur exactlj’- at |£| « 0. Therefore, in order to extract the most
probable momentum of the knocked-out proton from |g p-|2 reliably,, as in 
chapter 5, we should still take the absolute value of the difference in 
recoil momenta corresponding to the position of maximum and minimum in 
the distribution. With this prescription, for instance, the most 
probable momentum for Ip protons in I2C from the distributions in fig. (1*3)
___ | GeV 
---600 MeV
—  460 Mc V
—  160 MeV
500
200 3  O p100-100200
Fig, 43, The distorted momentum distribution calculated at 160 MeV, 
460 MeV, 600 MeV and 1 GeV, compared with the plane wave 
result.
for b60 MeV and higher energies is about 96 MeV/©. Allowing for the 
different treatments of kinematics for the computation at 160 MeV and 
higher energies this- result is suite consistant with the most probable 
momentum deduced for 12C at 160 MeV in chapter 5* From these results we 
conclude that the clearest picture of the momentum components of single­
particle wave functions is likely to be obtained for incident energies 
above about ^00 MeV,
The actual magnitude of the cross-section will depend not only on 
the distorted momentum distribution but also on the other factors in the 
cross-section. The behaviour of the quantity F(0) is shown in fig. (*iU), 
and is, of course, evaluated using relativist-ic kinematics. The relative 
energy of the two protons varies with scattering angle, but at the higher 
energies F(0) is essentially independent of 9. This result, taken with 
the behaviour of the distorted momentum distribution, means that if the 
experimental angular distribution for the (p,2p) reaction at incident 
energies above i+00 MeV is plotted against recoil momentum we should obtain 
an almost direct picture of the momentum distribution of the struck proton. 
This is in marked contrast to the situation for the same reaction and 
other nuclear reactions at lower energies where such information emerges 
indirectly after lengthy computations.
Because the factor f(q) increases with energy while the magnitude 
of » „ . decreases we obtain the rather unexpected result that the 
absolute magnitude of the cross-section remains fairly constant. This 
effect is illustrated in fig. (^5). The transformation'from recoil 
momentum to scattering angle is energy dependent, so that if a complete 
picture of the momentum components is sought from an experiment below 
500 MeV the measurements must be extended to rather small scattering 
angles. For higher energies this problem does not arise but the rather 
small separation of the maxima calls for good angular resolution. Our
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predictions for the behaviour of the (p,2p) reaction at high energies are 
clearly dependent on the validity of the inpulse approximation and the 
single particle description of the overlap integral* Suggestions of the
breakdown of this approach in high energy (p,d) and (p,2p) reactions have
(113) . .been made but no experimental evidence is as yet available.
Experiments on the (p,2p) reaction above bOO MeV have been done at
Chicago using k60 MeV incident energy. Their data on 150 and ltfH have
already been analysed in chapter 5* In the summed energy spectra on i2C
they have observed a peak corresponding to the separation energy of
lb.7 MeV. The angular distribution of this lU.7 MeV peak shows a typical
1^0  behaviour. We have therefore identified it with the summed
transition to the ground (^2"*) the first excited state state at
2.13 MeV) of 11B. As in the analysis of the (p,2p) reaction on 12C at
160 MeV, the parameters of Saxon-w'oo&s potential for the description of
the bound state wave function are taken from the electron scattering
(33)analysis of Elton and Swift. For the absolute magnitude of the cross- 
section we have again used the spectroscopic factor arising from the work
of Cohen and Kurath. Optical potential parameters at the energies
appropriate to the incoming end outgoing protons do not exist, however, 
the information on these parameters is available at the proton energies • 
of 182 M e V ^ ^  300 M e V ^ ^  and 1 Gevlu^  In view of the success achieved 
in the analysis of the (p,2p) reaction on 12C at an. incident energy of 
160 MeV and in view of the preceding discussion in this chapter on the 
effect of distortion on the angular distribution, we have adopted the 
following procedure for the choice of the optical potential parameters
As a starting point all the parameters of the optical potential 
for the incoming and outgoing protons are estimated from the available 
information about them at other energies. Then the radius parameter
(r ) of the imaginary part of the optical potential for the outgoingo ■' . . -
protons is varied to get magnitude agreement of the cross-section at the
left-hand peak in the angular distribution. The fit obtained with the
experimental data, in this way, is shown In the fig. In view of
the necessity for variation of r due to the lack of the knowledge of theo
optical potential and its sensitivity to the magnitude of the cross-section 
the agreement is quite consistant with wheat is achieved with the l60 MeV 
data. However, there is a disagreement with the data in the region of 
large recoil momentum around the left hand peak. This might suggest 
that the bound state wave function used here does not have the right high 
momentum components, and therefore the calculation of the overlap integral 
should be modified.. Incident ally, it may be pointed out that due to 
some experimental and theoretical uncertainties this investigation of the 
high momentum components in the overlap integral cannot be carried out 
with the low energy incident beam.
The (p,2p) reaction has also been studied on at incident
energies of lOC MeV^*^ -and k6o MeV^ • From the theoretical point
of view it is preferable to analyse the 180 MeV data because the optical
potential parameters are available in the required energy region. But,
unfortunately, the 180 MeV data are not absolute, and they are taken only
in the rouge of scattering-angle from 35° to 60J. Therefore, despite the
lack of the optical potential parameters for the k6o MeV data, we have
analysed the h60 MeV data. From the preceding discussion of this chapter
we also know that the distortion only changes the magnitude of the cross-
section without changing its shape. Therefore, we have computed the
cross-section in the nlane wave limit and multiplied the result with a
reduction factor of 0.3^ (obtained in the case of 12C). Experimentally
three peaks are observed corresponding to the separation energies of
S.3 MeV, 11.6 MeV and If. 5 MeV which may be given the shell model
assignment of Ida, , 2sly and ld5y respectively, ¥e have identified 
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Fig, 4 7 , Angular distribution for l d y 2 knock-out from 4°Ca,
the 8,3 MeV with the transition to the ground state of 3%. For the 
hound state wave function we have used the parameters of Elton and 
Swift *'J“’ In fig. (UT) we have compared the computed and the experimental 
angular distribution for the 8.3 MeV neak.- The experimental spectroscopic 
factor corresponding to it is 5.13. The corresponding spectroscopic 
factor obtained with the (p9d) reaction on ^°Ca to the ground state of
( 1 C* ^
39Ca is reported to be 'J The positions of the maxima in the
computed angular distribution at higher recoil momentum in comparison to 
these of experimental one seems to suggest that the bound state wave 
function used are too rich in large momentum components*
CHAPTER 8, Summary of the Results and the Conclusions
The work of this thesis lias "been concerned with the exploration of
the (p,2p) reaction as a tool for the study of the single particle states
cf the atonic nucleus. The exit channel in this reaction is a three-
body system. In order to do some useful calculations this three-body
problem can be reduced to an effective two-body problem by either
approximating the potential energy of the system (the di-proton model) or
approximating the kinetic energy of the system. From the formalisms
reviewed in chapter 2 we found that the time for the computation of the
cross-section in the di-proton model is much shorter than that in the other.
In section 3,7 we compared the predictions of the di-proton model and the
kinetic energy approximation for a representative nucleus 12C at an
incident energy of 1*60 MeV, The resemblance of the two predictions
assures that the computational advantage in the di-proton model is achieved
while still maintaining the accuracy of the results at least to the extent
of that in the kinetic energy approximation. Therefore, all calculations
in this thesis have been done in the £WIA formalism of the di-proton model.
In . chapter 3 we have also computed the uncertainties introduced due to the
ambiguity in the definition of the relative energy of the two protons
(£*) reouired to compute the free proton-rroton cross-section, and the o - ■ . .  . .
finite range effect in the treatment of the distorted waves for the
incoming and the outgoing protons. At k6o MeV the uncertainties due to
both of these effects are negligible. At l60 MeV, however, due to the-..
large gradient cf the free proton-proton cross-section with energy,
the choice cf the enervy Ef considerably influences the ratio of the two
o
maxima in the angular distribution for % j- 0. At lower energies 
(e.g. l60 MeV) the correction due to the finite range effect reduces the 
ratio of the left hand peak to the right hand peak in the angular 
distribution for % $ 0. This effect in a typical case of 12C at an
incident energy of 160 KeV in estimated to be 15$. Nevertheless, in our 
calculation9 due to the lack of .any satisfactory procedure to treat this 
correction, we have omitted it. For the computation of the free proton-
proton cross-section we have chosen the energyl9 before the collision ofo
two protons. In the same chapter, while discussing the localisation of 
the (p,2r>) reaction in the configuration space we found that for the 
recoil momentum |oJ < 100 MeV/c the cross-section mainly and sensitively 
depends upon the description of the ^ .overlap integral outside the mean 
(r.n.s.) radius of the nucleus while for the higher values of beside 
its dependence in the above region, the cross-section also depends upon 
the behaviour of the overlap integral inside the mean radius of the 
nucleus. Hence for the description of the (p,2p) reaction in the region 
of low recoil momenta it is necessary and to a certain extent sufficient 
to describe the behaviour of the overlap integral accurately outside the 
mean radius of the nucleus. Alternatively, therefore, the analysis of 
the (p,2p) reaction in the region of ”loww recoil momenta seems to provide 
a sensitive way of studying the low momentum components of the overlap 
integral. While, in contrast, for the study of the high momentum 
components of the overlap integral we have to do a very accurate analysis 
of very accurate experiments.
In chapiters 5 and 6 we have analysed the (p9Pp) reaction data on the 
lp shell nuclei and some selected 2s-l& shell nuclei (viz. 28Si, 2^Mg and 
in the energy region of 155-3-85 MeV and h€0 MeV. The overlap 
integral has been split into two parts: the spectroscopic factor
S (Jti) and a normalized wave function. Hie radial part of this wave«. <r c
i f
function is approximated by the solution of a spherically symmetric 
Hartree-Fock potential whose shape is taken to be of Saxon-T^cods form.
To a first approximation the parameters of this potential are taken from 
the analysis of elastic electron scattering analysis on a relevent nucleus
and then its depth is varied to reproduce the correct /isynptotic behaviour 
of the wave function. As we see from the data on the (p,2p) reaction the 
maxima in the angular distribution for I $ 0 occur around |q| ^ 100 HeV/c. 
Therefore, in the light of the comments made in the previous paragraph 
this procedure for generating the radial wave function seems quite 
reasonable. For computing the absolute value of the cross-section 
spectroscopic factors have been calculated in the intermediate coupling 
scheme using the cfp of Cohen and Kurath for Ip shell nuclei and in the 
SU3 and the collective model coupling scheme for the 2s-ld shell nuclei. 
From our analysis in chapters 5 and 6 we can summarize the conclusions as 
follows;
(1) If the bound state wave function and the optical potential 
parameters for the incoming and the outgoing protons are known 
reasonably well, the (p,2p) reaction can be used to study the 
single particle states of the nucleus. In the few cases 
where the final states of the residual nucleus are resolved we 
had been successful in extracting this information. In most 
cases, however, this intention has been defeated by the 
experimental difficulties of obtaining good resolution.
(2) The spectroscopic factor extracted from the experimental data, 
is very sensitive to the description of the bound state wave 
function. Therefore, in order to get fairly reliable 
spectroscopic factors, the (p»2p) reaction and the electron 
scattering should be analysed in collaboration.
(3) The information about the optical potential parameters in 
the energy region appropriate to the incoming and outgoing 
protons is very sparse.
(k) Despite the availability of the electron and the proton elastic
scattering analyses on 6Li, 7 Li, 9Be and 28Si the agreement 
"between theory and experiment for these nuclei is not 
satisfactory. This indicates that more work is needed to 
develop the consistent wave function for these nuclei.
(5) For the extraction of the reliable spectroscopic factor for
I > 2 knock-out protons with the incident energy below 200 MeV 
measurements on the (p92p) reaction should be extended to the 
lower angles (say 20°).
Finally we have reviewed the (p,2p) reaction theoretically in the 
energy region of 160 - 1000 MeV. From this analysis we can draw the 
following conclusions:
(1) At high energy (>^00 MeV) the main effect of the distortion
is to provide a reduction in the magnitude of the cross-section. 
The effect on the shape of the angular distribution is 
unappreeiable, therefore the data on the (p92p) reaction at 
high energies near give direct information about the momentum 
distribution of the single particles in the nucleus.
(2) The effects introduced by the absorption of the incoming and 
the outgoing protons and the kinematics factor with energy 
is such that the cross-section stays nearly constant in tho 
energy region of ^00 - 1000 MeV•
*3
Wq start by writing the equation (l,6l) in cartesian coordinates, i.e.
(2*)+3/2 £,(3) e1P'" {ff elS X^,y»?'b(x<.3rTz)*1xls.la3 ... (A.l)
where the functions F and S are defined as
F(*,y,Z) -
with
M m(r ) « r^ Y11 (t )3 f L - l C i ic KTi C;1C I ' 1 '
... (A.2)
s(x,r,z) » - ~  j u J?') as + {- ~  *" * hv i oC n 1 r.v
T> J O f
°oC{ri ) c1s
hvi bTlC(r{) ds}
where subscripts p and 0, 1 denote the incident and the two outgoing 
protons respectively. Referring to equation (1.5*0 v is defined as
v » lic k^/E
Coordinates (acty,Z) represent the vector £  c* Taking x - % plane as the
1
plane of the co-planarity and 2-axis parallel to k scalers r fs can bet —•0*1
written as
As we see from (A.h) u rt{r*) is an even function of x and y. Since veoC p
are dealing always a co-planar symmetric event, the potentials U ^ and
for the outgoing protons are the seme in form and magnitude. Also
v *« v • From the definitions (A*5)a (A.6), therefore* the sum of the o 1
last two terns in (A.3) is also an even function of x and y. Hence
S(x,y,2) is an even function of x and y. From definition, $ an
Hence F(x,3r5z) is an
. Therefore in (A.l) integral
•over x and y is non-zero only for even values of m. In a particular case
of SL * 1, only m. a* 0 term contribute to the matrix element.
even even
function of x and y if si is
odd odd
even even-
function of x and y if m is
odd odd
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Abstract: The data on the (p, 2p) reaction on the nuclei 28Si, 24Mg, and 23Na at an incident energy of 
156 MeV are analysed in terms o f spectroscopic factors, and comparison is made with theoreti­
cal predictions from SU3 and collective model coupling schemes.
1. Introduction
In the (p, 2p) reaction a proton is ejected from the target nucleus. The single hole 
state is, in general, distributed over the ground and various excited states of the re­
sidual nucleus. The spectroscopy of these single hole states has been studied success­
fully by a variety of pick-up and transfer reactions *). In a previous paper 2) the data 
on the (p, 2p) reactions on lp shell nuclei were analysed in terms of spectroscopic 
factors. Recently Arditi et al. 3) at Orsay have investigated these reactions on 2s-ld 
shell nuclei. The beam energy in their experiment is 156 MeV and the resolution is 
0.7 %. In view of the success achieved in the analysis of lp shell nuclei, in this paper 
we report the analysis of Orsay data on the 28Si, 24Mg and 23Na nuclei. Already 
Zelenskaya and Smirnov 4) have analysed the energy spectrum for several nuclei in 
the 2s-ld shell. Kudo and Suekane 5) have also reported a plane wave analysis of the 
27Al(p, 2p) reaction. From the spectroscopic point of view there is an increasing 
amount of experimental data for nuclei in the middle of the 2s-ld shell which is diffi­
cult to interpret on the basis of single particle states in a spherically symmetric poten­
tial 6). In addition there is evidence relating to level schemes and excitation by in­
elastic scattering 7) which suggests that these nuclei are well described by the rota­
tional model. Also it is known that Elliott’s SU3 classification 8) also describes these 
nuclei fairly well. Therefore, in our analysis we have compared the experimental 
spectroscopic factors with those predicted by SU3 and the collective model.
We have divided the paper into two sections. In section two we have calculated the 
theoretical spectroscopic factors and in section three these are compared with the 
experimental spectroscopic factors obtained by fitting the angular distributions for 
the (p, 2p) reaction. The procedure of the calculation is the same as reported in the 
previous paper 2). As before, the cross section for the symmetric coplanar experiment
t On leave from the Bhabha Atomic Research Centre, Trombay, India.
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is given in the di-proton model 9) as
d3<x Am qtq0 Po + Q d<r
d£LrdQxdQ2dE h2 p Q q 0 — q i
where the transition is between the states JXT• and JfT{, and
1
nl j
£*.«<») =
nl j  nl j  { 2 1 + 1 )
Sjijm^iwA\TiMi)2\9nljm 2^
a)
(2)
All symbols have their usual meanings. The spectroscopic factor SJiJf{j) is defined as
«,.*«/) = msjjrw)\2, (3)
&
where N  is the number of active nucleons.
2. The Theoretical spectroscopic factors
2.1. THE SU3 SCHEME
The SU3 wave functions in the JM -scheme are written 8) as W(TS [/](ffi)KsK J M ), 
where [/] is Young’s supermultiplet quantum number, (A/i) are the SU3 quantum 
numbers, and K  corresponds to the projection of J on the symmetry axis in the rota­
tional model. Abbreviating all quantum numbers except JT by a, the parentage co­
efficient is defined as
(4)
The coefficient ^4(|}) can be obtained from the work of Elliott and Wilsdon 8), and 
following their work we give in table 1 the lowest SU3 representations for the states of
T able 1
The lowest SU3 representations for states of the nuclei and the corresponding spectroscopic factors
Initial nucleus Final nucleus Spectroscopic 
factor S{1)
nucleus
(J*T)
If] Q.[x) K nucleus
(M)
m Cfyt) K 1 = 0  1 = 2
23Na ( |+ |) [43] (83) 32
f22Ne(0+l)
\ 22Ne(2+l)
[42]
[42]
(82)
(82)
0
0
0 0.11 
0.01 1.00
24Mg (0+0) [44] (84) 0
J23N a(f+ i)
\ 23N a(f+ i)
[43]
[43]
(83)
(83)
3
32
0 0.45 
0 2.18
interest of some of the nuclei and the corresponding spectroscopic factors. The appli­
cation of the SU3 scheme to 2 8 Si by Bernier and Harvey 1 °) suggests that this scheme 
in its pure form is not applicable to this nucleus.
2
2.2. COLLECTIVE MODEL
For this model we have not used the iso-spin representation. Therefore the corre­
sponding expression (1) for the cross section would not have any iso-spin Clebsch- 
Gordan coefficient, but in order to conform to the expression (1) already used in SU3 
we divide the theoretical spectroscopic factor in this model by the iso-spin Clebsch- 
Gordan coefficient. Therefore we define the spectroscopic factor as
W ! i )  = (5)
where
A * « / )  = \V-rl+VIVJ,+i)\*WKtQ V lKi)c,ja,
for Ki or Ks # 0, (6)
=  \2(2Jt+l)K2Ji+ l ) H J ijK{Q U iK i)ClJQ,
for K { or K t = 0, (7)
and C ljQ is the probability amplitude for finding the ejected particle in the target nu­
cleus with quantum numbers /, j, Q. Now we estimate the spectroscopic factors for 
the 24Mg(p, 2p)23Na and 23Na(p, 2p)22Ne reaction.
2.2.1. The 24Mg(p, 2p)2 3Na reaction. It has been known for some time that 24Mg
exhibits the 0+, 2+, 4+ sequence and also approximately the correct energy spacing 
given by the rotational model1X). The small discrepancy can be associated with the 
vibration-rotation interacting term. We, therefore, assume the 0+(g.s.) of 24Mg is the 
first member of K  = 0 band. For this nucleus Nilsson’s levels 6 and 7 are filled. By 
ejecting a proton from level 7 (£2 = f) in 24Mg, 23Na may be left in the f+, |+, . . . 
states. Levels with these spins could also be produced by ejecting a proton from Nils­
son’s level 6, i.e., Q = \. To a first approximation we assume that the f+(g.s.) of 
23Na is made up of the first type of states. The J = ■§•'4 (first excited state of 23Na) 
could also be produced by promoting a particle from level 7 to either level 9 or 5) 
[ref. 12)]. This type of mixing has in fact been tried recently by El-Batanoni et al. 13). 
However, we assume that the state is purely made up of the configuration of the 
first kind i.e., it is produced by ejecting a Q = § proton from 24Mg. Therefore, ac­
cording to our assumption the f+(g.s.) and f+ (0.440 MeV) states of 23Na are the 
two members of a rotational band based on the Q = § ihtrinsic state. From con­
sideration of the Coulomb excitation cross section 14) and the ground state quadru- 
pole moment15) 23Na appears to have a prolate deformation parameter /? of 0.3 to 
0.4. From parity and angular momentum conservation for the transitions to the |+ 
and f+ states in 23Na the single particle quanttihi numbers are I = 2, j = f and 
/ = 2, J = |5 respectively. Therefore
• V  = |2x4|*(H!-$|00)Cyo = 2
^e„ = 12 x 6|*(*H-f |00)Cyo = 2* C;=f.
The values of the Cj can be taken from the work of Litherland et al. 7). For the value
3
of P quoted above they are
Cj=%~ -(0.1)* and CJ=§~ +(0.9)V
Therefore
= -(0.2)* and ^ ex.s. = +(1.8)*
Since T-x = 0 and Tl = \
5g.s. = 0.4 and Sex.s. = 3.6.
The summed spectroscopic factor, therefore, is
s = Sg., + Sex.s. = 4.0.
2.2.2. The 23Na(p, 2p)22Ne reaction. As we discussed earlier, to a first approxi­
mation the g.s. of 23Na is the first member of K  = f rotational band based on a hole 
in Nilsson’s level 7. Assuming a proton knocked out from level 7, 22Ne has four nu­
cleons in level 6 and two in level 7. The 0+ ground and the 2+ first excited states of 
22Ne are therefore the first two members of the band with K  — 0. As we have seen 
earlier, the deformation parameter ft in this region is from 0.3 to 0.4. The values of 
the Cj coefficients from the work of Litherland et al. 7) are
CJ=i = -(0.1)2 and CJ=f = +(0.9)*.
From parity and angular momentum conservation for the transition to the ground 
state of 22Ne the single particle quantum numbers are / = 2,j = §. This gives
A.s.= lili(0|0|jf|)Cy=t = -(^ o)*.
Hence
5g.s. = 0.075.
\
For the excited state of 22Ne, the possible values of j are j, f, f but for the Nilsson 
configuration we have chosen Cj=± = 0, therefore the only relevant quantum num­
bers are 1 = 2 and j = §, f, and we have
e^x.s(i) = |2x||*(2f0f|ff)C,.=f = -(*)*.
Hence
‘S'ex.s.(f) = 0.075,
= |2x||*(2f0f|M)C,.=f = (0.770)*
and
= 1-150,
s„,. = Stx.s.(i) + S„.s.(i) = 1-225.
Therefore the summed spectroscopic factor for the final states is
s = Sg., + sex„ = 1-30.
4
3. Results of distorted wave calculation and discussion
3.1. THE 28Si(p, 2p)27Al REACTION ~ \
Experimentally two peaks have been observed in the energy spectrum for this reac­
tion, one around 11.6 MeV and another around 15.8 MeV. From the energy level 
scheme (fig. 1) 27A1 has a |+ ground state, a j+ first excited state at 0.842 MeV, and 
a f+ second excited state at 1.013 MeV. The separation energies for these three states 
are 11.600 MeV, 12.442 MeV, and 12.613 MeV, respectively. As the transitions to all 
these states are possible we assume that the observed peak at 11.6 MeV includes the 
contributions from all the three states. Since the ground state of 28 Si is 0+, the angular 
momentum transfer for the -f+, i+ and f+ states are j — f, / = 2, j = I = 0 and 
j = §, / = 2 respectively. For the distortion of the incoming protons we have used the
MeV
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Fig. I. Energy level scheme for 27Al.
optical potential arising from the analysis of proton elastic scattering at 183 MeV on 
27A1 by Hodgson 16). For the distortion of the outgoing protons we have estimated 
the optical potential from those available at 90 MeV and 40 MeV [ref. 17)]. The single 
particle radial wave function has been generated in a Saxon-Woods potential well, the 
parameters for which have been taken from the elastic electron scattering by Elton 
and Swift18). This analysis gives r0 = 1.39 fm and a = 0.55 fm. We know that the 
cross section for / = 0 has its maximum value for the momentum transfer \Q\ = 0 
while that for / = 2 has its minimum value for this momentum transfer 18). Therefore 
the angular distribution for / = 0 peaks at the valley of / = 2 distribution, while that 
for / = 2 peaks at a comparatively very small value of / = 0 cross section. Also, since 
the difference in the separation energies for the transitions to f+ and f + states of 27A1 
is 1.013 MeV only, they will have nearly the same angular distribution. Guided by
5
these facts we have used the following prescription to separate the 1 = 0 and 1 = 2 
contributions in the experimental data. The computed cross section for / = 0 at 40.5° 
(|Q| « 0) is normalized to the measured value of 60 pb at this angle. The spectroscopic 
factor corresponding to this normalization is 0.506. The experimental cross section 
for / = 2 at 28° (the position of the left peak in the computed angular distribution for 
/ = 2) is estimated by subtracting the 1 = 0 contribution (normalized with a spectro­
scopic factor of 0.506) at this angle from the measured value. The spectroscopic factor 
for I = 2 obtained by normalising the computed cross section at 28° to this estimated 
“measured” value is 0.560. This spectroscopic factor is the summed spectroscopic 
factor for the transitions to f+ and \+ states of 27A1. Now assuming that the cross 
section for / = 2 at other angles is fairly well given with the normalization at 28°, we 
estimated the experimental angular distribution for / = 0 by subtracting the 1 = 2 
distribution (obtained with a spectroscopic factor of 0.560) from the experimental 
one. Fig. 2 shows the fit of the 1=0 distribution to the “measured” one. In fig. 3 we 
have shown the fit of the summed cross section for / = 0 and I = 2 to the experimental 
cross section. Bearing in mind that the di-proton model underestimates the cross sec­
tion on the region of right-hand peak 2), the agreement in the shape is fairly good.
Wildenthal and Glaudemans 20), and Swenson et al. 21) have analysed the (3He, a) 
reaction in 2 8 Si. The single particle wave function in their work has been generated 
in a Saxon-Woods well with r0 = 1.20 fm and a = 0.65 fm. In table 2 we compare the 
spectroscopic factors arising from their work with those of ours. As we see from the 
table, while the spectroscopic factors for / = 0 are in some agreement, those for / = 2 
exhibit a big discrepancy. In order to make sure that this discrepancy between the 
predictions of (p, 2p) reaction and other pick-up reactions is not due to uncertainties 
in the distorting potential or bound state wave function, we have computed the cross 
section for two sets of optical potential and two values of r0 for bound state. In fig. 4 
two curves correspond to the cross section for the optical potential obtained by Hodg­
son 16) (full line curve) and Satchler and Haybron 23) (dashed line curve) by elastic 
proton scattering analysis on 27A1 at 183 MeV. The difference between two curves is 
negligible. In fig. 5 we have plotted the cross section for r0 = 1.39 fm and r0 = 1.20 
fm with Hodgson’s potential. The difference for I = 0 is inappreciable while that for 
/ = 2 is quite appreciable. This demonstrates the sensitivity of the spectroscopic factor 
for the 1 = 2 transition to the bound state wave function. In table 2 we have also listed 
the spectroscopic factor for r0 = 1.20 fm.
^ In any case the results from the (p, 2p), (3He, a) and (3He, d) reactions 22) serve
fi& to establish one point without any doubt that the 2 8 Si has finite strengths of the single 
particle 2s±, d^. and d^_ states in its ground state. The uncertainty lies only in deciding 
their magnitudes. From the microscopic view point Macfarlane and French 7) have 
estimated the spectroscopic factor for dx by describing 28Si ground state as a mixture 
of (di)12, (d|.)_2(sd|.)2, (d|.)~4(sd|.)4 configurations. For sdf « 1.9, they put 60% 
as the upper limit on the (d^ )12 configuration in 28 Si ground state. Our experience 
from the previous analysis on lp shell suggests that if the distorting potentials and
6
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Fig. 2. The angular distribution for 2s knock-out from a8Si.
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Fig. 3. The summed angular distributions for Id and 2s knock-out from 28Si.
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Fig. 4. Comparison of the angular distributions for 2s knock-out from 28Si for two sets of optical 
model potentials for the incoming protons. The full line curve corresponds to Hodgson’s parameters 
[ref.15)] while the dashed curve to the parameters of Satchler and Haybron 22).
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Fig. 5. Comparison o f the angular distributions for two bound state parameters. The full line 
curve corresponds to r0 =  1.39 fm and the broken one to r0 — 1.20 fm.
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bound state parameters are known reasonably well, we can extract a spectroscopic 
factor which is fairly reliable. As we mentioned earlier these parameters are known 
for 27A1 from elastic proton and electron scattering, and we conclude that if the various 
peaks in the energy spectrum could be resolved, the (p, 2p) reaction could decide the 
strength of the above configurations in 28Si ground state.
From the collective model viewpoint, the extraction of the spectroscopic factor 
does not seem very promising. Binding energy calculations 24) on the basis of rota­
tional model suggest that the equilibrium deformation in 2s-Id shell nuclei changes 
sign near 2 8Si. This expectation has been supported by application of the rotational 
model 24>25) to 28Si and 31P, where reasonable agreement with the experimental data 
is achieved with rj = — 2 and — 3. By minimizing the total energy with rj, it is found 
that the equilibrium deformation 24) for 28Si is the same as for 29 Si. In all likelihood 
2 8 Si seems to have oblate deformation. For 27A1 the deformation is prolate. There­
fore the single particle wave functions in two nuclei would not be orthogonal, and 
consequently the calculation of spectroscopic factors would be complicated. Inci­
dentally, the SU3 scheme also breaks down 10) for 28Si. Together with the other ex-
T able 2
Comparison o f experimental spectroscopic factors for 28Si
28Si(p, 2p)27Al 
this work
28Si(3He, oc)27S ia)
l r0 =  1.39 fm r0 =  1.20 fm ref.20) ref. 21)
2 0.56 0.92 4 .041 .0 5.9840.76
0 0.50 0.47
A
1.40
A
0.84
a) In refs. 20>21>30) authors have listed C 2S.
perimental facts all these observations go to show that the configuration of 28 Si is 
not simple. The best approach under the circumstances seems to be an analysis of the 
parentage of 2 8 Si in 27A1 without specifying explicitly the structure of 2 8 Si. This type 
of analysis has been attempted by various authors 26’27) in terms of the excited-core 
model. Contrary to the conclusions based on the single particle pick-up reactions, in 
this model 26) low lying states of 27A1 are produced by coupling only a dx hole to the 
0+ g.s. and 2+ first excited state of 28Si. Despite this obvious deficiency of this model, 
general predictions 28) such as
(i) the agreement in shape and magnitude of elastic scattering from 27A1 and 2 8 Si,
(ii) the resemblance in the shape of inelastic scattering from 27A1 to its various 
excited states, and
(ih) the agreement between the maximum value of the cross-section for inelastic 
scattering to the 2+ excited state of 28 Si and the summed cross-section at maxima for 
inelastic scattering to the predicted excited states of 27A1 are verified 29). This success 
of the core-excitation model at first sight seems inconsistent with the conclusion of
9
pick-up reactions. If we recall that the contribution of a single particle excitation to 
the inelastic cross section is much less than that of a collective excitation, then it can 
be expected that the cross section for inelastic scattering from 28Si is mainly deter­
mined by the collective states. Therefore the above experimental verifications only 
show that the 0+ and 2+ states of 2 8 Si are sufficient to describe the low-lying states of 
27A1. These experimental results are not sensitive to the particular hole state coupled 
to the collective core states. Therefore combining the findings of inelastic scattering 
and (p, 2p) and other pick-up reactions, the obvious conclusion seems to be that the 
excited core model calculations should be repeated with the 0+ and 2+ states of 2 8 Si 
coupled to (d|.)_1, (sa)-1 and (d^ )-1. From the experimental viewpoint an improve­
ment in the resolution of (p, 2p) reactions is highly desirable. Since the angular dis­
tribution for / = 2 peaks around or below 23° (see fig. 5), in order to determine the
2 . 3 9 8
2 . 0 7 6
0.U0 5 +
3 / 2 +
Fig. 6. Energy level fscheme for 23Na.
spectroscopic factor for / = 2 correctly the measurements for the (p, 2p) reaction 
should be extended to lower angles. Also, to establish further the adequacy of 0+ 
and 2+ states of 28Si some reactions connecting the ground state of 27A1 to the various 
excited states of 28 Si would also be useful.
3.2. THE 24Mg(p, 2p)23Na REACTION
In the summed energy spectra for this reaction peaks are observed at 11.7 MeV 
and 14.3 MeV. The residual nucleus 23Na has a f+ ground state and a |+ first excited 
state at 0.440 MeV. The level scheme for 23Na is shown in fig. 6. The separation ener­
gies for these states are 11.693 MeV and 12.133 MeV respectively. Therefore we as­
sume that the 11.7 MeV peak includes the contribution from both the g.s. f+ and
0.440 MeV |+ excited state. Since data on the elastic scattering of protons are not
10
available in the energy region of 156 MeV on 24Mg or 23Na, we have used the optical 
potential parameters of Hodgson 16) for 27A1. Also, no electron scattering analysis
100
d 3 <r
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Fig. 7. The angular distribution for Id knock-out from 24Mg for r0 =  1.39 fm.
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Fig. 8. The angular distribution for Id knock-out from 24Mg for r0 =  1.20 fm.
or any other analysis of this sort have been reported on these nuclei. Therefore, guided 
by the available Saxon-Wood potential parameters for bound states in 2 8 Si, we have
11
used the radius parameters r0 = 1.39 fm and r0 = 1.20 fm, and the diffuseness para­
meter a is fixed at 0.55 fm. The fits to the experimental data are shown in figs. 7 and 8. 
The spectroscopic factors obtained by normalizing the computed cross section to the 
observed one at 28° are compared in table 3 with those predicted theoretically in 
sect. 2. As we see from the figs. 7 and 8 the agreement between the shape of the com­
puted and observed angular distributions is fairly good. Also, we note from the table 3 
that the spectroscopic factor (2.63) obtained with r0 = 1.39 fm agrees remarkably 
well with that predicted in the SU3 scheme while the one (4.00) obtained with r0 =
1.20 fm agrees with that predicted by the collective model. Since we do not know r0 
it is difficult to say which model describes the single particle aspect best for these 
nuclei. If r0 for 24M g  lie between 1.39 fm and 1.20 fm, the experimental spectroscopic 
factor would lie between the above mentioned two values. Therefore it seems very 
probable that if the correct single particle wave function in 24M g  are known, by using 
the exact configuration for |+ state of 2 3Na (mixed band) 13) one can fit the shape and 
magnitude of this angular distribution. Incidentally, these two calculations at r0 =
1.20 fm and r0 = 1.39 fm again demonstrate the sensitivity of the (p, 2p) reaction 
to the bound state wave function.
3.3. THE 23Na(p, 2p)22Ne REACTION
The summed energy spectra for this reaction has low energy peaks at 9.6 MeV and 
13.6 MeV. The residual nucleus 22Ne has an 0+ ground state and a 2+ first excited 
state at 1.277 MeV (fig. 9). The separation energies for these states are 8.795 MeV and 
10.072 MeV. Since the transitions to both 0+ and 2+ states are allowed by parity and 
angular momentum conservation, we assume that the 9.6 MeV peak includes the 
contribution from both the states. Therefore we compare the summed cross section 
for these two states with the observed cross section. As we remarked earlier the elastic 
proton scattering around 156 MeV and electron scattering analysis on these nuclei do 
not exist; therefore in calculating the distorted waves we have used the parameters 
available for 27A1. For the bound state wave function we have used r0 = 1.20 fm and 
a = 0.55 fm arbitrarily. The spectroscopic factor obtained by normalizing the left- 
hand peak of computed cross section to the corresponding experimental peak is 0.675. 
As we see from fig. 10, agreement in the shape of the two angular distributions is quite 
satisfactory. Comparing this spectroscopic factor with the one predicted in sect. 2 
(table 3) we observe that the experimental spectroscopic factor is smaller by about a 
factor of 2. As we know from the analysis for other nuclei e.g. 28Si this big discrepancy 
could not be accounted for by the uncertainties in the optical potentials. Also re­
calling the results for the 24M g  nucleus, the bound state parameter r0 = 1.20 fm is 
probably an underestimate of the radius of Saxon-Wood potential for this nucleus, 
and consequently the experimental spectroscopic factor may already be overestimated. 
For 23Na several calculations 7’13’30) with band mixing have been done. In every 
calculation the probability of the = f band in the 23Na ground state is above 90 %. 
Therefore our assumption that the 23Na ground state is a member of a pure Ki = i
12
band is not very far from being reasonable. But when a proton is ejected from 2 3Na, 
instead of leaving four particles in Nilsson’s level 6 and two in level 7, 22Ne could 
very well be left with a hole in level 6 and three nucleons in level 7. This means that
MeV
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Fig. 9. Energy level scheme for 22Ne.
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Fig. 10. The angular distribution for Id knock-out from 23Na.
we could have another band with Kf = 2. As we have seen from the theoretical pre­
diction in sect. 2, the main contribution to the observed cross section comes from 
1.277 MeV (2+) excited state. This state now would be a mixture of K{ = 0 and
13
K{ = 2 bands, and the actual value of spectroscopic factor would very much depend 
upon the relative phases of these two bands in the 2+ state of 22Ne. An energy level 
calculation with this band mixing has not been reported so far.
T able 3
Comparison of experimental and theoretical spectroscopic factors for the (p, 2p) reaction on
24Mg and 23Na
Summed spectroscopic factor for Id knock-out
Nucleus
su3
theoretical
rotational
experimental
23Na 1.11 1.30 0.68
24Mg 2.63 4.00 2.63-4.00
4. Conclusions
From these calculations on some selected nuclei in the 2s-Id shell we may draw the 
following conclusions.
(i) If the bound state wave function and the optical potential parameters for the 
incoming and outgoing protons are known reasonably well, the (p, 2p) reaction can 
serve as a useful tool for extracting information about single hole states in the nuclei.
(ii) The extracted spectroscopic factor is very sensitive to the bound state wave 
function. Therefore, in order to get fairly reliable spectroscopic factors, the (p, 2p) 
reaction and electron scattering analysis should be done in collaboration.
(iii) Since the angular distribution for / A 2 peaks below or around 23°, the mea­
surements on (p, 2p) reaction should be extended to lower angles in order to get spec­
troscopic factors for these angular momenta.
(iv) In nuclei like 2 8 Si where the nuclear structure situation does not appear simple, 
it is important that the transitions to various states in residual nuclei are resolved so 
that the experimentally extracted spectroscopic factor may be used as a reliable check 
against the theoretical calculations.
Finally we observe that analysis of elastic proton scattering for the 2s-Id shell 
nuclei in the energy region of 160 MeV are not available except for 27A1. For the 
analysis of reaction on these nuclei around this energy it is important that the optical 
potentials should be known.
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Abstract: The data on the (p, 2p) reaction on the lp shell nuclei at incident proton energies of 155-185 
■ MeV are analysed in terms of spectroscopic factors, and comparison is made with theoretical 
predictions from the work o f Cohen and Kurath.
1. Introduction
In the (p, 2p) reaction, a single proton is ejected from the target nucleus. The single­
hole state so created is not necessarily an eigenstate of the residual nucleus but may 
be distributed over the ground state and several excited states of the residual nucleus. 
It is necessary to calculate the magnitude of the transition from the ground state of 
the target nucleus to one of the final states of the residual nucleus in order to deter­
mine the amount of single-hole excitation which that particular final state contains. 
This amount is measured by the spectroscopic factor S, and comparison of the value 
Sexp required to fit the data with the value S'theor calculated from a suitable nuclear 
model provides a valuable test of this model.
The spectroscopy of single-hole states has been studied by a variety of pick-up and 
transfer reactions 1). The (p, 2p) reaction has not previously been analysed in terms 
of spectroscopic factors, although the “effective occupation numbers” of Berggren 2) 
are very closely related to the spectroscopic factors. The analyses of the summed 
energy spectra by Dietrich and by Balashov et al. 3) are also essentially spectroscopic 
investigations.
2. Details of the calculation
A  reasonable body of experimental data on the (p, 2p) reaction in light nuclei now 
exists 4~8) for incident proton energies in the range 155-185 MeV. At these energies 
it is appropriate to use distorted wave impulse approximation which gives the cross 
section for the symmetric coplanar experiment in the form 9> 10)
d3<r _ 4m q±q0 
dQ 1dQ2dE ft2 p0
Po + Q
do- #1
d<7 (£<1,90°)(2n)-3 S5„u(0),' (1)
d O pp nlj
where p0, q0, ql and Q are the momenta of the incoming proton, the two outgoing 
protons, and the residual nucleus, respectively in the lab system, d<r/dQpp the
t On leave from the Indian Atomic Energy Establishment, Trombay.
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free proton-proton cross section evaluated at a lab energy Eq and a scattering angle 
of 90° in the p-p centre-of-mass system, and we now express YJ^ nij in terms of the 
spectroscopic factor
E  B n,,(6 ) = i E  S j ^ Q m T A M A ^ M d ^ g n i m 1- (2)
nl j  nl j 2/ +  1
The spectroscopic factor is defined as 1)
SJiJtW ) (3)
where N  is the number of active nucleons, and the parentage coefficient Jrj.jf: picks 
out a particular proton from the initial state J{ leaving the residual nucleus in the final 
state Jt. The quantity g„u(9) is the integral over the proton single-particle wave func­
tion and the distorted waves.
2.1. THE SPECTROSCOPIC FACTORS
To calculate the spectroscopic factors, we have used the general scheme
•'j.j,®') = AV'T'jQJiT,), (4)
where^ 4( |}) is the coefficient of fractional parentage (c.f.p.) and we have used the c.f.p. 
values for lp shell nuclei given by Cohen and Kurath n ). The theoretical values for
the spectroscopic factors given by eqs. (3) and (4) are given in table 1. The notation
2BME and POT used in the table indicates which of the two approximations used by 
Cohen and Kurath, general two-body matrix elements or potential in the LS represen­
tation, has been used to calculate the spectroscopic factors.
T able 1
Theoretical spectroscopic factors
Initial nucleus 
(Ju ?i)
Final nucleus 
(Ju Tt)
S
6Li (1, 0) 5H e(f, *) 1.310 2BME
5H e(i, *) 0.690 2BME
7Li ( | ,  i ) ®He (0, 1) 0.888 2BME
6He (2,1) 0.600 2BME
9Be (f, i ) 8Li (2, 1) 1.500 2BME
8Li (1, 1) 0.605 2BME
8Li (3, 1) 0.525 2BME
10B (3,0) 9Be ( h i ) 1.200 POT
9Be ( h i ) 0.906 POT
“ B ( h i ) 10Be (0, 1) 0.644 POT
10Be (2, 1) 1.708 POT
10Be (2 ,1) 0.812 POT
12C (0,0) n B ( h i ) 5.696 POT
n B (hi) 1.504 POT
14N  (1,0) 13C (h  i) 1.390 POT
lsO (0,0) 15N  (h  i ) 4.000 2BME ,
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If the energy resolution is such that the final states /f which correspond to a given 
nl are not resolved but are thought to be included in a single peak, the spectroscopic 
factors can be replaced using a sum rule. For example, for j-j coupling the sum rule 
is 1)
I  = Ntj,
Jr
where N u is the number of active nucleons in the sub-shell Ij, and ~ N- Such
procedure has been used in previous analyses of the data on the (p, 2p) reaction 
(refs. 2,6’9,1°’12)), in which it has been customary to use a single wave function for 
the bound protons related to the mean separation energy and labelled only by nlm.
2.2. THE DISTORTED WAVE CALCULATION
The integral g„ij(9) has been calculated using the di-proton model of the (p, 2p) 
reaction 10), but certain improvements have been made in the original programme. 
The treatment of the distortion in the outgoing channel has been improved by taking 
account of the energy variation of the local optical potential. This is required because 
the centre-of-mass energy of the two outgoing protons in the centre-of-mass system 
varies with scattering angle. The oscillator wave functions for the bound proton have 
been replaced by single-particle wave functions obtained from Saxon-Woods poten­
tials. The parameters for these potentials were taken from two analyses of elastic elec­
tron scattering in terms of wave functions from Saxon-Woods potentials 13,14) and 
are given in table 2. Both of these analyses fit elastic electron scattering and the mean
T able 2
Parameters for the bound state potentials
Nucleus State Depth V0 
(MeV)
Radius 
parameter 
r0 (fm)
Diffuseness 
a (fm)
Spin-orbit
parameter
A
Separation 
energy Es 
(MeV)
Ref.
6Li lp 49.04 1.48 0.65 30 4.665 1 3 )
Is 54.00 1.48 0.65 21.395 13)
7Li lp 39.68 1.90 0.65 30 10.006 15 )
Is 44.78 1.90 0.65 25.50 15 )
9Be Ip 82.20 1.20 1.26 30 16.885 14)
Ip 44.76 1.90 0.65 30 16.885 ! 5 )
Is 45.83 1.90 0.65 28.70 1S)
i ° B Ip 42.80 1.42 0.65 30 6.585 ! 5 )
UB Ip 54.42 1.25 0.49 30 11.237 14 )
12C Ip 59.01 1.31 0.65 30 15.958 13 )
Is 63.22 1.31 0.65 34.00 13 )
14N Ip 58.80 1.20 0.65 30 7.546 15 )
1 6 Q Ip 51.66 1.41 0.65 30 12.113 13 )
The parameters and separation energies are given for the transition to the ground state of the residual 
nucleus; for transitions to excited states only the depth V0 is changed.
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separation energies; Elton and Swift13) used a phase analysis of the elastic monopole 
scattering, while Towner 14) used Born approximation but considered nuclei for which 
elastic quadrupole scattering was important. We have also used the parameters of 
Wilkinson and Mafethe 15) who fit only the separation energies. We have adjusted 
the depths of the potentials found by these authors to give the exact separation energy 
for each particular final state so that our wave functions have the correct asymptotic 
behaviour.
T able 3
Optical potential parameters for the incoming protons
Nucleus -^ lab
(MeV)
U0
(MeV)
W0
(MeV) (fm)
a
(fm)
r'o
(fm)
a!
(fm) (fm)
Ref.
6Li 185 10.3 7.9 1.254 0.464 1.254 0.400 1.9 1 6 )
7Li 185 10.3 7.9 1.254 0.464 1.254 0.400 1.9 1 6 )
7Li 155 10.3 . 7.9 1.254 0.464 1.254 0.400 1.9
9Be 185 0.9 9.7 1.121 0.572 1.683 0.448 1.89 1 6 )
i ° B 185 9.0 11.7 1.121 0.572 1.683 0.448 1.89
llB 185 16.0 10.0 1.000 0.500 1.000 0.500 1.26
12C 185 16.0 10.0 1.000 0.500 1.00 0.500 1.26 1 7 )
12C 160 18.7 10.42 1.13 0.72 1.13 0.85 1.33 ! 8 )
14N 185 16.0 10.0 1.000 0.500 1.000 0.500 1.26
1 6 Q 185 16.0 10.0 1.000 0.500 1.000 0.500 1.26
T able 4
Optical potential parameters for the outgoing protons
Nucleus U0
(MeV)
W0
(MeV)
a P ro a
6Li 23.9 2.68 0.098 0.053 1.2 0.91
7Li 27.9 3.13 0.114 0.062 1.2 0.91
9Be 40.0. 4.2 0.14 0.08 1.2 0.91
i°B 36.64 4.08 0.166 0.078 1.2 0.91
“ B 48.0 5.36 0.196 0.106 1.2 0.91
12C 48.0 5.36 0.196 0.106 1.2 0.91
14N 48.0 5.36 0.196 0.106 / 1.2 0.91
1 6 Q 48.0 5.36 0.196 0.106 1.2 0.91
The optical potentials for the incoming and outgoing protons were taken to be of 
Saxon-Woods shape for both the real and imaginary part, and spin-orbit distortion 
was neglected. The parameters for the incoming proton are given in table 3. The in­
formation on the parameters of the optical potential in the energy region appropriate 
to the outgoing protons is very sparse, and an extensive analysis 18) has been carried 
out only for 12 C. We have therefore been forced to extrapolate for all other nuclei
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in the lp shell. The energy variation in the final state is taken to be of the form
The parameters used are given in table 4.
The free p-p cross section is evaluated from the formula given by Berggren and 
Jacob 9) at an energy corresponding to the relative momentum before collision.
A  copy of the computer programme described above will be made available to the 
SRC Atlas Nuclear Physics Programme Library.
The energy resolution in experiments on the (p, 2p) reaction has in general been 
such that each peak in the summed energy spectra and the corresponding angular 
distributions may contain contributions from transitions to several final states of the 
residual nucleus. For this reason, detailed comparison of theoretical and experimental 
spectroscopic factors is premature. We have therefore calculated the absolute value 
of cross sections corresponding to the knock-out of a lp proton and leading to a 
definite final state using the spectroscopic factors calculated on the basis of the frac­
tional parentage coefficients of Cohen and Kurath 11). These spectroscopic factors 
have already been shown to give quite good agreement with the (p, d) reaction on 
lp shell nuclei19), and we shall show that this is generally true for the (p, 2p) reaction 
in those cases where the data allow us to draw definite conclusions. Where the magni­
tude agreement is not good we have renormalized the theoretical curve in order to 
obtain the experimental spectroscopic factor. For the knock-out of Is protons we 
have determined only the experimental spectroscopic factor.
3.1. RESULTS FOR INDIVIDUAL NUCLEI
The 6Li nucleus. For this nucleus, we have studied the experimental data of Tibell 
et al. 5) for an incident energy of 185 MeV and, as in all previous analyses of these 
data, we fit neither the shape nor the magnitude of the angular distribution t.
The wave function of Elton and Swift, the parameters of which are given in table 2, 
leads to the angular distribution shown in fig. 1 (dashed curve). By assuming that the 
reaction goes entirely to the ground state of 5He and normalizing the curve to the 
left-hand maximum in the data, we find an experimental spectroscopic factor of 5.4. 
The full line curve in fig. 1 is obtained by increasing the parameter r0 in the potential 
generating the bound state wave function from 1.48 fm to 1.90 fm. This yields a slight 
improvement in shape and magnitude, as was observed by Johansson and Sakamoto 
(ref. 20)) using a different bound state potential, but it is questionable how far the 
lp wave function can be extended without destroying the fit to the electron scattering 
data.
t See Note added in proof.
U =  U0 — <xE, 
w  = W0 +  fiE.
(6)
(7)
3. Results and discussion
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The overall energy resolution for these data is 3.2 MeV. The nucleus 5He has a 
broad excited state at 2.6 MeV above the ground state with a width 21) of about
ioo
6343 533323
Fig. 1. The angular distribution for lp  knock-out from 6Li. The two curves correspond to different
bound state wave functions (see text).
200
IOO
23 53 63
Fig. 2. The angular distribution for lp  knock-out from 6Li. The curve represents the summed cross 
section for excitation o f the ground and first excited state in 5He.
4 MeV. It is therefore highly probable that transitions to this state contribute to the 
measured cross section, and it may be noted that the peak in the summed energy
spectrum, although quite sharp, is distinctly unsymmetric. In fig. 2, we plot the sum-
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med cross section for transitions to the ground state and the state of 5He using 
the fractional parentage coefficients of Cohen and Kurath and the bound state para­
meter r0 = 1.9 fm. It is still necessary to multiply by a factor of 2.4 to obtain magni­
tude agreement with the data, but the improvement obtained by including transitions 
to the excited state confirms the suggestion of Roynette 7) that it is necessary to take 
account of the structure of the residual nucleus 5 He.
200
IOO
33 /, , . 43
LAB ^
53 6323
Fig. 3. The angular distribution for Is knock-out from 6Li.
The angular distribution for knock-out of a Is proton is shown in fig. 3 and yields 
an experimental spectroscopic factor of 2.8.
IOO
5 0
53 6323 33 n  x43G'LAB(deg)
Fig. 4. The angular distribution for lp  knock-out from 7Li leaving 6He in its ground state.
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The 7 Li nucleus. For this nucleus we have studied the data of Roynette et al.1) 
at 155 MeV. In this experiment the energy resolution was less than 1 MeV, and the 
summed energy spectrum showed two peaks corresponding to separation energies of 
10.0 MeV and 11.8 MeV. We have identified these peaks with the excitation of the
60
20
635333 4323
LAB
Fig. 5. The angular distribution for lp  knock-out from 7Li leaving 6He in its first excited state at
1.71 MeV.
200
IOO
23 33 n , x43
C7LAB(de9'
Fig. 6. The angular distribution for Is knock-out from 7Li.
53
0+ ground state of 6He and the 2+ state at 1.71 MeV. The angular distributions for 
these two states are shown in figs. 4 and 5. The shape fit to the data is a great deal 
better than for 6Li, but again the theoretical predictions are too small and the theo­
retical results have been multiplied by a factor of 2.3 in fig. 4 and 2.1 in fig. 5.
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The angular distribution for the knock-out of a Is proton is shown in fig. 6 and 
yields an experimental spectroscopic factor of 1.40.
The 9Be nucleus. For this nucleus we have studied the data of Tibell et al.5) at 
185 MeV. The residual nucleus is 8Li which has a 2+ ground state, 1+ first excited 
state at 0.975 MeV and a 3+ second state excited 21) at 2.26 MeV, all of which can be 
reached by the knock-out of a lp proton from the ground state of 9Be. The separation 
energies for these states are 16.89 MeV, 17.86 MeV and 19.15 MeV, respectively. 
Experimentally these states are not resolved, and the angular distribution is measured 
at a mean separation energy of 18.6 MeV. We are therefore unable to say what pro-
60
4 0
20
53 63433323
l a b  (de9)
Fig. 7. The angular distribution for lp  knock-out from 9Be. The two curves correspond to different 
bound state wave functions and different normalizations (see text).
O O
5 0
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Fig. 8. The angular distribution for Is knock-out from 9Be.
(d eg)
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portion of the cross section to each final state contributes to the measured cross sec­
tion.
There are also large uncertainties in the choice of parameters for the calculation. 
The analyses 16) of elastic proton scattering from 9Be at 182 MeV lead to parameters 
for the optical potential which are quite different from those for neighbouring nuclei, 
therefore our extrapolated parameters in table 4 may be considerably in error. Similar­
ly, the bound state parameters obtained by Towner 14) are very different from those 
for neighbouring nuclei, and his diffuseness parameter is surprisingly large. In fig. 7, 
we plot the summed cross section obtained with Towner’s parameters (full line). The 
parameters of Wilkinson and Mafethe have also been used (see table 2), and the dashed 
curve in fig. 7 shows the corresponding summed cross section divided by two. Clear­
ly, neither the shape nor the magnitude agreement is satisfactory, and we are not able 
to draw any conclusions from these data.
The angular distribution for knock-out of a Is proton is shown in fig. 8 and yields 
an experimental spectroscopic factor of 0.79.
The 1 °B nucleus. For this nucleus we have again studied the data of Tibell et al. 5) 
at 185 MeV. The residual nucleus is 9Be which has a ground state and a second 
excited state t at 2.43 MeV [ref. 21)] both of which can be reached by the knock-out 
of a lp proton, and the separation energies are 6.59 MeV and 9.02 MeV, respectively.
20
53433323
Fig. 9. The angular distribution for lp  knock-out from 10B leaving 9Be in the ground state (full line) 
and the second excited state at 2.43 MeV (dashed curve).
Such states were not resolved in the experiment, and the angular distribution was 
measured at a mean separation energy of 8.3 MeV; as before we are unable to say 
what proportion of the cross section to each final state contributes to the measured 
cross section. In fig. 9, we have plotted the separate cross sections for transitions to 
these two states, while in fig. 10 we have plotted the summed cross section (full line)
t The first excited state has positive parity and cannot be reached by lp  knock-out.
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and the summed cross section divided by two (dashed line). The agreement for the 
latter curve supports the conclusion of Tibell et al. that the contribution from each
6 0
4 0
20
634323 33 53
Fig. 10. The angular distribution for lp  knock-out from 10B. The full line curve represents the sum 
o f  the two curves shown in fig. 9, while the dashed curve represents the same quantity divided
by two.
4 0
dacr
20
23 33 43 53 63
Fig. 11. The angular distribution for lp  knock-out from 10B corresponding to a separation energy
of 17.5 MeV.
transition was approximately 50 %. The shape agreement is very satisfactory and is 
much better than that obtained in the analysis 9) of data at 155 MeV.
A  further peak was observed 5) at a separation energy of 17.5 MeV which has been 
interpreted 22) as a transition to the f “ state in 9Be. The angular distribution is shown
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in fig. 11. The theoretical curve has been calculated assuming pure lp3. knock-out and 
yields an experimental spectroscopic factor of 1.86.
3 0
635323 33 n (a \ 43
@ LAB
Fig. 12. The angular distribution for lp knock-out from 11B leaving 10B in the ground state.
4 0
20
53 634323 33
Fig. 13. The angular distribution for lp knock-out from nB leaving 10Be in the first excited state
at 3.37 MeV.
The 1JB nucleus. For this nucleus we have again studied the data of Tibell et al. 5) 
at 185 MeV. In this case, three peaks are seen with I =£ 0, and these have been inter­
preted 22) as corresponding to transitions to the 0 + ground state of 10Be, the 2 + state 
at 3.37 MeV and the 2+ state 21) at 9.4 MeV. In view of the uncertainty in the assign­
ment of these final states, we have fitted the theoretical curves to the data to obtain 
the experimental spectroscopic factors which are 0.68, 1.50 and 1.85, respectively.
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It can be seen from figs. 12-14 that the shape agreement with the data is very satis­
factory. Comparison with the theoretical spectroscopic factors given in table 2 shows
4 0
20
63534323 33
Fig. 14. The angular distribution for lp knock-out from nB leaving in a higher excited state,
possibly the 2+ state at 9.4 MeV.
IOO
dscr
5 0
53 63,4323 33
Fig. 15. The angular distribution for lp knock-out from 12C. The curve represents the sum of the 
cross sections for excitation of the ground state of nB and the first excited state at 2.13 MeV.
that there is very good agreement for the first two states. In the case of the second 2 + 
state, there is a number of states in the vicinity, the excitation of which may enhance 
the experimental cross section. . , .. •
The 12C nucleus. For this nucleus we have studied the data recently obtained by 
Gottschalk et al. 8) at 160 MeV. In fig. 15* we plot the summed cross section for the
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transitions to the §~ ground state of n B and the first excited state at 2.13 MeV, 
and it can be seen that magnitude agreement is obtained only for the left-hand maxi­
mum. There is evidence 8) however that these data include contributions from tran­
sitions to higher excited states of 1JB which would not be reached by simple knock-out
1 0 0 -
5 0
23 33 . .43
&  LAB(de9}
Fig. 16. The angular distribution for Is knock-out from 12C.
53
IOO
5 0
23 53 63
Fig. 17. The angular distributions for lp knock-out from 14N (dashed line) and 160 (full line) 
leaving the residual nuclei in the ground state.
of a lp proton. This has been very clearly seen in the 12C(p, 2p) reaction 23) at 50 
MeV and is not explained by the calculation of Cohen and Kurath 24).
The angular distribution for the knock-out of Is protons is shown in fig. 16 and 
yields an experimental spectroscopic factor of 2.64.
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The 14N  and ieO nuclei. Unfortunately there are no angular distributions for 
these nuclei in the energy region 150-185 MeV. Qur predictions for the transitions to 
the ground state of the residual nucleus are shown in fig. 17 for an incident energy of 
185 MeV. The ratio of the magnitudes of the left-hand maxima is about 3. The cor­
responding ratio for the data 2) at 450 MeV is about 2.
3.2. COMMENT ON THE SHAPE OF THE ANGULAR DISTRIBUTION
It will be noted that in all cases we predict that, in the angular distribution for 
knock-out of a lp  proton, the right-hand maximum is smaller in magnitude than the 
left-hand maximum. In some cases (6Li, 10B and 11B), the ratio of the maxima is 
roughly in agreement with the experimental data, while in other cases (7Li, 9 Be and 
12C), the theoretical magnitude for the right maximum is much too low. The calcula­
tion for 9Be is altogether uncertain, but we have investigated this matter further for 
12C.
ioo
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Fig. 18. Comparison of the function lg„ij(Q)lz (full line) and the corresponding cross section (dashed 
line) calculated for lp knock-out from 12C using plane waves.
In fig. 18, we plot the function \g„ij(0)\2 (full line) and the corresponding cross 
section for 12C; both are calculated for plane waves. As expected the ratio of the maxi­
ma is unity for the former curve, while the ratio is about 1.6 for the latter. In fig. 19, 
we plot \g„ij(d)\2 for plane waves (full line) and for distorted waves (dashed line), 
from which it appears that the distortion alone changes the ratio of the maxima by a 
factor of 2.5. In the expression we have used eq. (1) for the cross section, these two
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effects are multiplied, and therefore give a ratio of the maxima of about 4 as shown in 
fig. 15. Now, the factorization of the matrix element into the function g„y(0) and the 
matrix element of the two-nucleon interaction is exact only in plane wave approxima­
tion and is achieved in distorted wave approximation as a result of the assumption 
that the two-nucleon interaction is short range (see ref. 10), appendix 1). In fact the
ioo
I g n l j l
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5 0
6333 Q LAB (deg) 43 5323
- 0-6 + 0-6 +0-9+ 0-303 q (fnrf') O
Fig. 19. Comparison of the function \gnij(Q)\2 calculated for lp knock-out from 12C using plane 
waves (full line) and distorted waves (dashed line).
distortion introduces local momenta which are different from the asymptotic momen­
ta and hence affects the two-nucleon interaction; this intimate connection between the 
distortion and the two-nucleon interaction can only be taken into account accurately 
in a finite-range calculation 25). The approach we have used should be most success­
ful when the proton binding energy of the struck proton is small so that impulse ap­
proximation is valid and the effect of distortion is least. Measurements on 16 O would 
be useful in clarifying this point.
3.3. MOST PROBABLE PROTON MO M E N T U M  
In impulse approximation the momentum of the struck proton is given by
p  =  - Q  =  -C P o -« o -« i)* '
We have obtained an estimate of the most probable value of |P | for p-state protons 
by taking the modulus of the difference between the value of Q  corresponding to the 
left-hand maximum of each theoretical angular distribution and the value of Q  cor­
responding to the minimum. This procedure of taking a difference allows for the effect
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of distortion in shifting the angular distributions compared with the plane wave cal­
culations (see fig. 19). The results are given in table 5 and are compared with values 
obtained4) directly from the experimental data at 155 MeV. Our result for 6Li is 
omitted from the table since we have not obtained a shape fit to the data for this nu­
cleus. In view of the errors involved, the two sets of results are reasonably consistent 
and indicate a fairly constant value in the p-shell. It must be remembered, however, 
that for a given target nucleus we have adjusted the depths of the bound state poten­
tial to give the correct separation energies for the excitation of different states in the 
residual nucleus in order that the resulting wave function should have at least the 
same asymptotic behaviour as the overlap integral which it approximates. It is there­
fore not surprising that there is some indication in 10B and 1XB that the most probable 
momentum increases as the excitation energy of the residual nucleus increases.
T able 5
Most probable momenta for p-state protons
Target
nucleus
Separation
energy
Most probable momentum 
(fm-1)
theoretical experimental4) 
(this work)
7Li 10.006 0.51 j 0.36
11.716 0.51
9Be 16.885 0.53
10B 6.585
17.500
0.46
0.52
0.41
11B 11.237 0.46 j 0.4614.600
20.900
0.55
0.63
12C 15.958 0.46 0.48
14N 7.546 0.46
16Q 12.113 0.56
3.4. CONCLUSIONS
In the few cases where the final states of the residual nucleus have been resolved 
and the parameters of the calculation are reasonably well-known, we have been able 
to extract nuclear structure information from the (p, 2p) reaction and to test this 
against theoretical predictions. In most cases, however, this intention has been defeated 
by inadequate knowledge of the optical potentials and by the experimental difficulties 
of obtaining good energy resolution in the energy region under discussion. We have 
also achieved reasonable magnitude agreement with the data through the lp shell, 
which is a definite improvement on previous analyses and indicates the importance of 
a correct description o f the transitions in terms of spectroscopic factors. However, 
the agreement between theory and experiment for 6Li, 7Li and 9Be is not satisfactory 
and indicates that more work is needed to develop a consistent set of wave functions 
for lp shell nuclei.
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We are indebted to Dr. D. Kurath for sending us the fractional parentage coeffi­
cients arising from his calculations and to many workers at the Laboratoire Joliot- 
Curie de Physique Nucleaire, Orsay, and at the Gustaf Werner Institute, Uppsala, 
for keeping us informed of their results. The facilities provided by the SRC Atlas 
Computer Laboratory are gratefully acknowledged. During this work one of us (BKJ) 
has been supported by a University of Surrey Research Studentship.
Note added in proof: We have now obtained a reasonable shape and magnitude 
fit to the 6Li(p, 2p) data using the c.f.p. of Cohen and Kurath -11) and a lp  radial 
wave function used by Berggren2). This wave function has an unusually large r.m.s. 
radius and so electron scattering calculations are in progress to test it further.
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Spectroscopic factors' from the (p,£p) reaction on
« *  *light nuclei
B.K. Jain and Daphne P* Jackson
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Abstract
The data for the (p,2p)_reaction on lp shell at 
incident - proton energies of X$5~Io5 M©V have been analysed 
in terms of distorted wave impulse approximation• . The 
spectroscopic factors so obtained are compared with the 
predictions of Cohen and Kurath* In general, the 
agreement is satisfactory both in magnitude and angular 
distribution except for Li and Li • In the case of Li1*, 
agreement can be obtained by taking an r*m*s» radius for 
the lp proton which is much larger than that obtained from 
•. electron scattering*
10 lb ttv- ? r ® c .
10 problem QmA  A/tvduK
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Introduction
In the (p,2p) reaction a single proton is ejected from
the target nucleus, thereby creating a single hole state. The
strength of this single hole state is, in general, distributed over
the ground and the several excited states of the residual nucleus.
This means that the strength of the transition to a particular final
state measures the amount of single-hole excitation contained in
that final state. The spectroscopy of single-hole states has been
. 1)studied by a variety of pick-up and transfer reactions • The data
9 on the (p,2p) reactions has not previously been analysed from this
2) . . 3)viewpoint, although the work,of Berggren , Dietrich and Balashov 
et al^ are essentially spectroscopic investigations. Our aim in 
the present paper is to see what sjiectroseopic information can be 
obtained from the existing data on this reaction*
5 6)
We have analysed the I6O-I85 MeV data on lp shell nuclei 9 
in distorted wave impulse approximation (DWIA)• In order to simplify
the treatment of the three-body final state we have used the di-proton
7) .representation . In these approximations the cross-section for
7  8 ) ;
the symmetric eoplanar experiment is *
' dDzr ^ Ifni | * S | da 90°)
dQ2dE h2 p0 qo ** 01 ' <%p
X (Sw)~3 S Bn£;(e) (1)
n£j u
where p q , Q are the momenta of the incoming proton, the
aW *0 43 *9
two outgoing protons, and the residual nucleus respectively in the 
lab system, dcr/dftpp is the free proton-proton cross-section evaluated 
, at a lab energy at a scattering angle of 90° in the p-p centre of 
mass system. We now express in terms of the spectroscopic
factor,
The spectroscopic factor is defined as*^
sJ^Jf 855 N U j ) | 2 (3)
where N is the number of active nucleons and the parentage ceofficient 
3j£j^ picks out a particular proton from the initial state Ji leaving 
the residual nucleus in the final state Jf• The integral gn$,j (0) is 
defined as
tS*. / ' " ‘ ■
-j*
gn£j(0) ® S X (KgQsi*) X (KQA,ar)dr (*0
i .
where x are distorted waves for the incoming proton and outgoing 
diproton respectively, $n£j is the single-particle wavefunction for 
the struck proton, a « (A-l)/A, and
B^C 25 JO + Jl ~A+1 ^
For the symmetric coplanar experiment is parallel or antiparallel 
to the direction of the incident beam and its magnitude is given in 
terms of the scattering angle 0 by
ICgc « 2q cos 8 - ~  po (6)
Details of the calculation
It can be seen from equations that the dependence
of the cross-section on the scattering angle 0 is contained in the 
magnitude of and because of the variation of with 9 the centre 
of mass energy of the two outgoing protons varies with 6* It is
necessary therefore to take account of the energy variation of the
local optical potential for the outgoing protons * This energy _ 
variation is taken to be
W  *» W 0  +  3 S  ( 8 )
where the parameters Uq , ¥q, a and 3 are determined by comparison
with optical potentials obtained by analysis of elastic scattering
9 )
at various energies • The optical potential for the di-proton is
7)twice that for a proton * For the initial channel also, the
.  q)
optical potentials are taken from elastic scattering data" •
The bound state wave functions have been generated in Saxon-
Woods potentials. The parameters for these potentials are taken
10 XI)from the analysis of elastic electron scattering V . The free
&
p-p sross-section is evaluated using the formula given by Berggren
12) .and Jacob • The spectroscopic factors are calculated using the
. . 13)
fractional parentage coefficients of Cohen and Kurath •
Results for individual nuclei 
12C.
For this nucleus we have studied the data recently obtained
XXby Gottschalk et al at 160 MeV-. The residual nucleus B has a
3~ - ! 'ground state and a first excited state at 2.13 MeV. Since thes
two states are not resolved in the experiment we have summed the cross
sections for the transitions to both these states• It can be seen
from figure 1 that, apart from low magnitude at the second peak, the
agreement in the positions of maxima and minimum and the magnitude is
very good. The exact reproduction of the shape of the angular
distribution clearly confirms the reliability of the single particle
wavefunction^ ^ •
The angular distribution for the knock-out of Is protons is 
shown in fig. 2 and yields an experimental spectroscopic factor of
2 . 6 U .
w» l]i «**
• 1 1
B; :■ m
For this nucleus we have studied the data of Tibell et al"^  
j at 185 Me?* In this case.,* three peaks are seen with £ ^ 0 and these
I " ' ■ Ih) +
;have been interpreted as corresponding to transitions to the 0
i.
ground.state the gf1 state at 3.37 Me? and the 2+ state at ff
9»k MeVJ'J  ^* In view of the uncertainty in the assignment of these
final states we have fitted the theoretical curves to the data to 
obtain the experimental expsettoscopic factor* They compare with
theoretical one as follows ■ '
' \ .
&  , :
S' ’ S., State ■. exp theo
0.68 . O 06H H  ■ ' ■ 0 *  ■
1.50 1,708 2+ (3.37 MeV)
1.85 0.812 2* (9.!*0 Me?)
If can be seen ‘from figures 39h and 5 that the shape agreement
with the data is good* . In the case of second 2 excited state there
is a number of states in, the vicinity,.'the; excitation of which may
enhance the experimental cross-section* ..
1 CL
B®
For this nucleus we hate' .again studied the data of
Tibell et al at 1 8 5  Me?®' The residual nucleus is Be which has 
ar-~- ground state' and a ^  second excited statelet 2*^3 MeT^  ^ both 
of which can be reached by the knock-out of a .lp proton, and the ' ■ : ,
separation energies are 6*59. Me? and 9®Q2 Me? respectively * These
states were not resolved in the experiment, and the angular distribution 
was measured at a mean separation energy of 8*3 Me?* . We are therefore
f The first excited state'has *ve parity and cannot be reached by 
Ip knock-out*
- 5 - \i
unable to say what proportion of the cross-section to each final f
state contributes to the measured cross-section. In fig. 6 we have 
plotted the summed cross-section (full line) and the summed cross- !
a
section divided by two (dashed line). The agreement for the latter 
curve supports the conclusion of Tibell et al. that the contribution |
from each transition was approximately 90%, The shape agreement |
is very satisfactory* ' , I
6 .Li.
v For this nucleus too we have studied the data of Tibell
5) „ ^
et al at I85 MeV• The overall energy resolution for these data 1
is 3.2 MeV. The residual nucleus 'He has a broad 2 excited state
at 2.6 MeV above the ground state with a width of about U MeV, and
it Is highly probably that the transition to this state also
contributes to the measured cross-section. In figure 7 we plot the
summed cross-section for transitions to the ground state and the
; r- 5 . "2 state of He using the fractional parentage coefficients of Cohen
and Kurath. To obtain the fit shown it was necessary to use a bound 
state wavefunction with an exceptionally large radius (<r"> s 20 fm. ), '!
< which unfortunately does not give a fit to the electron scattering 
data17 .^
7The situation for I»i is similar. In this case it is known
that a large r.m.s. radius for the lp wavefunction is necessary to fit
18) ■the quadrupole moment *
In those eases where the final states have been resolved in 
the experiment our spectroscopic analysis has been reasonably successful 
and it appears that the c.f.p. of Cohen and Kurath give a reasonably good
6 -
description of the strength of the transitions* We conclude, 
therefore, that with improved resolution, the (p,2p) reaction can 
be a powerful tool in the study of nuclear spectroscopy.
c;
.9
References
1. M.H. Macfarlane and J.B* French, Rev* Mod. Phys. 32 (1960)567
R.H, Bassel, R.M. Brisk© and O.K. Satchler, Oak Ridge Report 32**0 (1962I
2. H. Tyren et al, Unclear Physics 79 (1966) 321 j
T* Berggren, private comm,vacation. I
[
3* K. Bietrick, Phys. Lett. 2 (19©2) 139 !j
k* V.V. Balashov, A.R. Boyarkina and I. Rotter, Unclear Phys. 5£ (196*0 hi
5® ' G* Tibell, 0. Sandberg and P.U. Reriberg, Arkiv. Fysik 25, (1963) ^33.
6. . B. Gottsch&lR, K"*H. Wang and K. Strauch, Unclear Physics
7. B.f• Jackson, Nucleisr Physics A90 (196?) 209
8. T. Berggren and 0. Jacob, Unclear Physics Vf (1963) k8l*
9* G.R* Satchler and R.M* Haybron, Phys* Lett. 11 (196*0 313 ,j
’ A. Johansson, U. Bvanberg and P.E* Hodgson, Aylrlv Fysik 9, (l96l) 5^7 |
C. Holland et al*, Mnclear,Physics 60 (1966) 625 !
10. . L.R.R* Elton and A. Bwin, luclear Physics Alft C 1 ^ > 9 ^ 2-
13* S* Cohen and D* Kurath, luclear Physics 73 (19^5) X* and private 
eosimuni c at ion • 
ihm D.F* Jackson, Ihiovo Cim. jWL (1966) 8 6 . ./ . ;
. 1*8* Towner, Ph.B* thesis, University of London i960, Unpublished. 
12* T« Berggren and 0..Jacob, Suclear Physics hj (1963) holm'
15. T. Lasaritsen and F* Ajsenberg-OeXove, Uuclear Physics 73 (1966) X*
l6* T. Berggren, private coram'onication
17* D.U.L* Yu, private cosmnmieation
18* J.H. van der Merwe, Phys* Hev. 131 (1963) 2181.
-  5  -
Captions for the figures
• h h w i« * iU— m n p » r . in > « n i n , .  i mi m w i r w ir n i  iw m  t f t i n ij i — i r ^ n i i- . a iu f c f r xW UM W W
1' ^
Figa 1. The angular, distribution for lp knock-out for '^ C. The curve
represents the sma of the esoss-sections for excitation of the ground 
11
state of B and the first excited state at 2.13 MeV.
•  * 1 oFig. 2» The angular distribution for Is knock-out from 4"C,
XT
Fig. 3. The angular distribution for Ip knock-out from B leaving
^ Be in the ground state,
1XFig. km The angular distribution for ip knock-out from 3 leaving
10
'Be in the first excited state at 3*37 MeV,
»  ^1Fig. ■ The angular distribution for Ip knock-out from ~ B leaving
10 . . . +
Be in. a higher excited state* possibly the 2 state at 9*k MeV.
10Fig. 6, The angular distribution for lp knock-out from B. The
full line curve represents the summed cross-section,-' uhile the dashed
curve represents the same quantity divided by - two.
Fig, 7* The angular distribution for lp knock-out from v'Li, The
curve represents'the summed, cross-section for excitation of the ground
5
and first excited state in Be, ' • -
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The theoretical approach which yields reasonable agreement with the data on the symmetric coplanar 
(p,2p) reaction at 160 MeV and 460 MeV has been used to make predictions for incident energies up to 1 GeV.
The study of quasi-elastic knock-out reactions 
such as the (p, 2p) reaction has proved to be a 
very effective way of investigating individual 
proton states in nuclei. Most of the existing data 
have been obtained with incident protons in the 
energy range 150-185 MeV [1], and we have shown 
[2,3] that it is possible to fit these data using 
standard distorted wave theory with spectroscopic 
factors calculated from  suitable nuclear models 
and with proton single -partic le wavefunctions 
derived from analyses of electron scattering. We 
find that the same approach can be used to fit the 
data at 460 MeV [4] and therefore in view of the 
curren t in terest in the (p, 2p) reaction at higher 
energies [5,6] we have extended our calculations 
to survey the energy region up to 1 GeV. In these 
calculations at 460 MeV and above we have used 
a re lativ istic WKB approximation for the distorted 
waves.
In distorted wave impulse approximation the 
cross-section  for the (p,2p) reaction can be 
written as the product of two factors [2,7], The 
firs t factor which we denote by F{0) contains the 
kinematic factors and the free proton-proton 
cross-section , while the second factor contains 
the nuclear structure information and can be r e ­
duced essentially to the spectroscopic factor and 
the distorted momentum distribution which we 
denote by gnlf In plane wave approximation gnij 
is  given by
Srdj = f exP( i Q- r  )4/nij  ( r ) d r  (1)
where Q is the recoil momentum of the residual 
nucleus and ^nlj the single-partic le wavefunc- 
tion for the struck proton. The distortion of the 
incoming and outgoing protons has two effects on 
■the integral gnij, it introduces additional momen­
tum components and it causes a reduction in the
1 G e V12C ( p , 2 p )
6 0 0  M e V  
4 6 0  M e V3 0 0
1 6 0  M e V
200
P l a n e  w a v e
100
-100 .-200 0 100 200 3 0 0
Q ( M e v / c )
Fig. 1. The distorted momentum distribution calculated 
at 160 MeV, 460 MeV, 600 MeV and 1 GeV. compared 
with the plane wave result.
magnitude. In order to illu stra te  these effects we 
consider the knock-out of a lp  proton from  12c 
and plot the distorted momentum distribution 
-gnlj for incident proton energies of 160 MeV,
460 MeV, 600 MeV and 1 GeV. This is done in 
fig. 1 as a function of recoil momentum Q. The 
proton single-partic le wavefunction is  that used 
for our ea rlie r study of the 160 MeV data [2] and 
the optical potentials have been interpolated from  
those available in the lite ra tu re  [8]. It can be 
seen from the figure that the plane wave resu lt
1 4 7
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Fig. 2. The variation of the quantity F(8) with energy 
and scattering angle.
has the expected zero at zero recoil momentum 
and the maxima occur at ± 108 MeV/c. In con­
tra s t ,  the distorted momentum distribution \ gnlj\^ 
calculated at 160 MeV is seriously affected by the 
distortion, the maxima and minimum are  d is ­
placed and the minimum is filled in. The resu lts 
for |gnij 12 at the higher energies are  very s im i­
la r  to each other and to the plane wave calcula­
tion, and the most im portant effect of the d is to r­
tion is  a reduction in the magnitude. The ratios 
of the left-hand maxima to the plane wave values 
a re , for increasing energy, 0.53, 0.34, 0.28 and 
0.17./ We attribute the very large reduction at 
1 GeV to the large magnitude of the im aginary 
p art of the potential at this energy. From  these 
resu lts  we conclude that the c lea rest p icture of 
the momentum components of single-partic le 
wavefunctions is likely to be obtained for incident 
energies above about 400 MeV. ,
The actual magnitude of-the c ross-section  will 
depend not only on the distorted momentum d is­
tribution but also on the other factors in the 
cross-section . The behaviour of the quantity F(e) 
is  shown in fig. 2, and is  of course evaluated 
using rela tiv istic  kinematics. The relative en e r­
gy of the two protons varies with scattering angle, 
but at the higher energies F(6) is essentially in ­
dependent of 6. This resu lt, taken with the b e ­
haviour of the distorted momentum distribution, 
means that if the experim ental angular d istribu­
tion for the (p, 2p) Reaction at incident energies . 
above 400 MeV is plotted against recoil momen­
tum we should obtain an alm ost d irect picture of 
the momentum distribution of the struck proton. 
This is  in marked contrast to the situation for the
1 4 8
4 6 0  M e;
1 6 0  M e!
100
20 6 0
( d e g )
Fig. 3. Comparison of the cross-sections predicted a 
160 MeV, 460 MeV and 1 GeV. At 160 MeV the calcuj 
lated curve is in good agreement with the data for an;
gles less than 45° but the second maximum is too sm 
[2], while at 460 MeV there is good agreement with t'i 
data for all angles greater than 30°.
same reaction and other nuclear reactions at 
lower energies where such information emerge 
indirectly after lengthy computations. j
Because the factor F(6) increases with ener; 
while the magnitude of gnij decreases we obtair 
the ra ther unexpected resu lt that the absolute 
magnitude of the cross-section  rem ains fairly 
constant. This effect is illustrated  in fig. 3. T1 
transform ation from  recoil momentum to scatt 
ing angle is energy dependent, so that if a com 
plete picture of the momentum components is  i 
sought from  an experiment below 500 MeV the ; 
m easurem ents must be extended to ra ther sm a 
scattering angles. For higher energies this prc 
lem does not a rise  but the ra th er sm all separa 
tion of the maxima calls for good angular reso] 
tion. Our predictions for the behaviour of the ! 
(p,2p) reaction at high energies a re  clearly  del 
pendent on the validity of the impulse approxim 
tion and of the sing le-partic le description of th 
overlap integral. Suggestions of the breakdown 
of this approach in high energy (p, d) and (p, 2pj 
reactions have been made [9] but no experimen 
evidence is  as yet available. j
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